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ABOVE AND BELOW SUBGROUPS
OF A LATTICE-ORDERED GROUP

RICHARD N. BALL,1 PAUL CONRAD AND MICHAEL DARNEL

ABSTRACT. In an [-group G, this paper defines an /-subgroup 4 to be above an
I-subgroup B (or B to be below A) if for every integer n, a € 4, and b € B,
n(la| A |b]) < |a|. It is shown that for every /-subgroup 4, there exists an /-subgroup
B maximal below A which is closed, convex, and, if the /-group G is normal-valued,
unique, and that for every /-subgroup B there exists an /-subgroup A maximal above
B which is saturated: if 0 = x A y and x + y € A, then x € 4.

Given l-groups 4 and B, it is shown that every lattice ordering of the splitting
extension G = A X B, which extends the lattice orders of 4 and B and makes A4 lie
above B, is uniquely determined by a lattice homomorphism = from the lattice of
principal convex /-subgroups of A into the cardinal summands of B. This extension
is sufficiently general to encompass the cardinal sum of two l-groups, the lex
extension of an /-group by an o-group, and the permutation wreath product of two
l-groups.

Finally, a characterization is given of those abelian /-groups G that split off below:
whenever G is a convex /-subgroup of an /-group H, H is then a splitting extension
of G by A for any /-subgroup 4 maximal above G in H.

0. Introduction. Though the groups are not in general abelian, the notation is
additive with the lattice operations taking priority: a +b A c is a+ (b Ac),
-b Acis (-b)V(-c), but na Abis (na) Ab. g*, g~, and |g| denote as usual
gV O0,-gVO0,and gV (-g), respectively. g is a component of h if |g| A |h — g| = 0;
we remind the reader that components commute and that x + y = x V y whenever
x and y are disjoint, that is, whenever x A y = 0. €(G), €4(G), X (G), ¥(G), and
P(G) denote respectively the lattices of convex /-subgroups, principal convex
I-subgroups, closed convex /-subgroups, cardinal summands, and polars. (The reader
unfamiliar with these basic concepts can find them in [6].) #(G) is a complete
Boolean algebra with #(G) as a subalgebra. We write 4 < B to indicate that 4 is
an l-subgroup of G, and G(a) for {g € G: |g| < n|a| for some integer n}, the
principal convex /-subgroup of G generated by a. If 4 is any subset of G we use
( A) to designate the /-subgroup generated by A. Note that the elements of (A) have
the form VJ_; A7_,x,;, where the x;’s are from the subgroup generated by 4.
Finally, b < a means that n|b| < |a| for all integers n.
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A subgroup P of G is regular if it is maximal in €(G) with respect to omitting
some element g, and we say that P is a value of g in this case. Such a subgroup is
prime inasmuch as it contains at least one element from each disjoint pair. A set I" of
regular subgroups is plenary provided that \[' = 0 and that P € T'and P C Q fora
regular subgroup Q imply Q € I'. Such a set forms a root system in the inclusion
order; that is, a partially ordered set such that forany y € I' theset {6 € I': § > v}
is a chain. Most often we view I' as an index set and use small Greek letters to
indicate its elements; this abuse of notation allows us to write the corresponding
regular prime as G, for y € I and to use G* = {G,: § € I' and G, C G} for its
cover. Note that G is prime but not in general regular, and so G” need not
correspond to a member of I'. G is said to be normal-valued if each G, is normal in
G". If B is any subset of G, then I'(B) designates {y € I': G, is a value of some
b € B}. An element g is special if I'(g) is a singleton, and in this case we term its
value special also.

Given /-groups A and B their cardinal sum A B B is their group direct sum with
cardinal order: a + b > Oif and onlyif a > Oand b > 0. If {G,: A € A} is a set of
l-groups, then their cardinal product (it should be called the large sum but is not) is
I1G, = {f: A > UG,: f(A) € G, for all A € A} with componentwise group and
lattice operations. The cardinal sum (or small sum) is { f € I1G,: {A € A: f(A) # 0}
is finite}. Now suppose I' is any root system and S any subgroup of the real
numbers R. V(T, §) designates { f: A — S: supp(f) admits no infinite ascending
chains}, where supp(f) = {A € A: f(X) # 0}. The group operations in V(I', S) are
componentwise and the order is determined by declaring f> 0 if and only if
f(XA) > 0 for all maximal elements A of supp( f). The /-groups V(I', S) are universal
for abelian /-groups [12]. 3(T', S) = {g € V(T S): supp(g) is finite}.

Now let & be a Boolean algebra. 14 will denote the greatest element of # and 04
the least element. If # = 2(G) for an /-group G, then, 15, = G and 04 = 0.

1. Above and below subgroups. In this section we characterize in various ways what
it means for an /-subgroup A to lie above another /-subgroup B in an /-group G. We
show that for any /-subgroup A4 there is an /-subgroup B maximal below 4 which is
convex, closed, and unique in the normal valued case, and that for any /-subgroup B
there is an [-subgroup 4 maximal above B which is closed and saturated. These
results are fundamental for the rest of the paper.

PROPOSITION 1.1. The following are equivalent for elements a and b in G.

(a) la] A 6] < |al.

(b) n|b| A |a| is a component of n|b| for all positive integers n.

(c) There is no prime P and no integer n for which P < P + |a| < P + nb.

If these conditions hold, then G(b)= (G(b) N G(a))B(G(b)Na™), and we
designate the projection I-homomorphisms va: G(b) = G(a) and pa: G(b) > a*;
that is, xva € G(a), xpa € a*, and x = xva + xpa for all x € G(b). In particu-
lar, xva=x*Aa*+ x*Aa —x Aa*—x"Aa” forallx € G(b).

PROOF. Suppose 0 < a A b < aandlet by=b Aaand b, =b —b,=(b—a)".
We claim b, A b, = 0, for which it is sufficient to show b, A a = 0. For if P is any
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prime such that P+ b, Aa> P,then P+ b>P+a> P, whence P+a+ b >
P+2a>P+aand P+2b>P+b+a>P+b>P+ a meaning

P+2an(a+b)A(b+a)A2b=P+2aAnb)>P+a,

contradicting a A b < a. The claim shows that b, and b, are complementary
components of b, hence nb, and nb, are complementary components of nb for any
positive integer n. But nb, € a*, hence nb A a = nb, A a = nb, since b, < a.
This shows that (a) implies (b). Now suppose (b) holds and that P is a prime for
which P < P + |a|. Since n|b| = n|b| A |a| + z for some z€a*C P, P+ nb < P
+ n|b| = P + n|b| A |a| < P + |a|, which establishes (c). Finally suppose |a| A |b|
< |a| fails—say n(]a| A |b]) £ |a| for some positive integer n. Then there must be
some prime P for which P + n(|a| A |b]) > P + |a|. Observe that

P <P+|a|Alb|< P +|a|<P+n(la]A|b]) <P+ n|lbl=P + nbV(-n)b.

This proves that (c) implies (a).

Consider arbitrary a and b satisfying the conditions, and fix x € G(b). Then
there is some integer n for which |x| < n|b|, and the argument that (a) implies (b)
above shows that

k(x*Alal) v k(x~Alal) < k(|x|Alal) < k(nlb| Alal) = kn(|b] Alal) <]a|

for all positive integers k. That is, the properties above hold when b is replaced by
either x* or x~. Therefore there are unique elements p and ¢ in a* such that
xt=x*Alal+p=x*Aa*+x*Aa+pand x =x"Ala|+g=x"Aa*+ x
A a”+ q. By substituting these expressions into x = x*— x~ one obtains x = xva
+(p+qg)E(GB)NG(a)) B(G(b)Nat). O

If a and b satisfy the conditions of Proposition 1.1 we shall say that a lies above b
or that b lies below a. More generally, we shall say that a subset A C G lies above a
subset B C G, or that B lies below A, if each element of A lies above each element of
B.

PROPOSITION 1.2. Suppose G is a normal-valued I-group having positive elements a
and b and plenary set A of regular primes. Then b < a if and only if a & G® for all
8 € A(b), and b lies below a if and only if b € G for all § € A(a).

PROOF. If b < a and 8§ € A(b), then G5 + nb < G4 + a for all positive integers
n, hence a & {g € G: G5 + |g| < G5 + nb for some n} = G® Conversely, if it is
not true that b < a then there is some positive integer n and § € A with G5 + nb >
Gs + a. Clearly a lies in the cover of the unique value of b containing G,. Now
suppose b is below a and consider 8 € A(a). Then a € G° implies a A b € Gy, so
G;=G+aAb=G+ b, meaning b € G;. If b is not below a then there is some
8 € A(a A b) for which a € G°. But then a & G, implies 8 € A(a), and b & G,.
a

The failure of Proposition 1.2 in A(R), the /-group of order-preserving automor-
phisms of the real numbers R, shows that the hypothesis of normal-valuedness
cannot be omitted from Proposition 1.2, or indeed from the other results of this
section in which it appears.
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PROPOSITION 1.3. For each positive element a in the normal valued I-group G,
D = {b: |b| < a} is the unique largest subgroup of G such that D < a, and D €
X'(G). Furthermore, C = a* 8D = N{Gs: 8 € A(a)} = {b: b lies below a} is the
unique largest subgroup of G which lies below a, and C € X'(G).

PrROOF. Let A be any plenary set of regular primes of G. Consider 0 < b,,b, € D
and & € A(b, + b,). Since A(b; + b,) C A(b,) + A(b,), a & G® by Proposition
1.2, hence b, + b, < a. It follows that D € €(G), and is therefore clearly maximal
with respect to D < a. To show D closed suppose VE = e, where E = {b € D:
b < e}. By Lemma 1.17 of [4], ne = V{nb: b € E} for each positive integer n. Now
{nb: b€ E}C D < a,sone < a,proving a > e € D € X(G).

Propositions 1.1 and 1.2 establish N{Gs: 6 € A(a)} = {b: b liesbelow a} C a*
B D. But for any § € A(a), a & G implies a* C G;, and D C G; by Proposition
1.2. This shows all those sets are equal. The closure of C is a straightforward
consequence of the closure of a* and of D. O

PROPOSITION 1.4. The following are equivalent for subgroups A and B of G.

(a) A lies above B.

(b) bva is a component of b for each b € B and a € A.

(c) There are no elements a € A and b € B and no prime P satisfying P < P + a <
P+ b.Thatis, a*AN(b—a)*=0foralla € Aandb € B.

If G is normal-valued with plenary set A of regular primes, then the conditions above
are equivalent to the condition that 8, # 8, for all §, € A(B) and 8, € A(A), or that
B C N{G4: 6 € A(A)}. If, in addition, B is a convex l-subgroup, then the conditions
above are equivalent to A(A) N A(B) = @. Under any circumstances, if A is a convex
I-subgroup, then the conditions above are equivalentto B C A+ .

ProoF. The equivalence of conditions (a), (b), and (c) results from Proposition 1.1,
the second assertion is a consequence of Proposition 1.3, and the second assertion
readily implies the third. This last observation is also straightforward. O

COROLLARY 1.5. If subgroup A lies above subgroup B of G, then A N B = 0. B lies
both above and below A if and only if B C A+ .

PROOF. Suppose B lies both above and below A4, and consider a € 4, b € B. Then
la] A |b| < |a] and |a| A |b| < |b], meaning |a| A |[b|=00orBC A*+. O

Suppose C is a subgroup of G. A subgroup B which is maximal among those
subgroups lying below C is said to be maximal below C, or simply maximal below,
and likewise a subgroup A which is maximal among those subgroups lying above C
is said to be maximal above C, or simply maximal above. C is said to be saturated if
C contains each component of each of its elements. Observe that a saturated
subgroup C is a sublattice since ¢ V 0 is a component of each ¢ € C.

THEOREM 1.6. Suppose subgroup A lies above subgroup B in G. Then A is contained
in some subgroup maximal above B, and B is contained in some subgroup maximal
below A. If G is normal-valued, then the unique subgroup maximal below A is N{Gy:
8 € A(A))}. In any case a maximal below subgroup is a closed convex l-subgroup and a
maximal above subgroup is a saturated and closed I-subgroup.
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PROOF. The first assertion is a consequence of Zorn’s Lemma, and the second
assertion has already been established. Suppose now that B is maximal below A4 in
G. B must be a sublattice, for if not then there exist elements a € 4 and ¢ € (B)
and prime P such that P < P+ |a| < P + r. But 1 = V A,b forsomeb € B and
finite I and J, henccP+t-—P+b forsome i € I and €J.Butthen P < P +
la] < P + b, , contradicting the assumptlon that B lies below 4 and showmg B to be
a sublattice. To show B convex consider an arbitrary ¢ such that b, < ¢ < b, for b,
b, € B. Then |t| < |b;| V |b,| € B, hence ¢ lies below A. Since {t: b, <t<b,,
b, € B} is a subgroup containing B, t € B. To show B closed consider z = VS,
where S = {b € B": b <z}, and let B’ be the group generated by BU {z}. We
claim B’ lies below 4, for if not then by Proposition 1.4(c) |a| A (t — |a])*+ 0 for
some ¢ € B’. Now ¢ has the form ¥!_,(b; + ¢,z) where b, € B and ¢, is +1. By
replacing ¢ by X7_ (b, + y;), where y, € Sif ¢, = -1 and y, = z if ¢, = +1, we may
assume ¢ = Y7_,(b, + z). Now t = VU, where U = (L"_ (b, + s): s € S}, hence
la| A (¢ —|a) ™= V{la| A (u — |a))*: u€ U}, so there is some u € U for which
la| A (u — |a|)*> 0. Since u € B, this contradicts the assumption that B lies below
A. We can only conclude that B is closed.

Suppose that A is maximal above B. To prove A saturated consider the element
a € A with component z, and let 4’ be the group generated by 4 U {z}. To prove
that A’ lies above B it is enough to show that for each 1 € 4’ and prime P there is
some a, € A with P+t =P + a,. Since ¢t has the form I ,(a, + ¢z), where
a; € A and ¢ = *1, we induct on n. Consider the case when n =1 and ¢, = 1.
Because the prime —a, + P + a; contains at least one of the disjoint elements |z|
and |a — z|, P + a, + z is either P + a, or P + a; + a. The argument for ¢, = -1
is analogous, and the induction step yields to a simple argument using the above.

It remains to show that if 4 is maximal above B then A is closed. Suppose
z=VS for S C A4 and let A’ be the group generated by 4 U {z}. For the sake of
contradiction assume that there are elements 1 € A" and b € B for which ™A
(b—1t)"> 0. Let us say ¢ is £7_,(a, + ¢;z) for some a; € 4 and ¢ = +1. Then
VS = z implies VR = ¢, where R = {¥7_\(a; + &,y,): y,€Sife = t1land y, =z
if &, = -1}, and it follows that

t"Ab—1)"=V{r*A(b-1)": reR)}.
Choose a specific r = £7_;(a; + ¢,;) € R such that r*A(b — t)*> 0. Observe that
r*A(b —r)*> 0 also. Again, VS = z implies r = AU, where U = {Z(a, + ¢w,):
w,=yife;=1and w, € Sif ¢, = -1} C 4, and it follows that

rinb—r) ' =V{r‘a(b-u)":ue U}.

Choose a specific u = L7_,(a, + ¢w;) € U such that r*A(b — u)*> 0. Then u*
A(b — u)*> 0 and u € 4, contradicting the assumption that A lies above B. O

If subgroup B of G is maximal below and A is maximal above B, then it need not
follow that B is maximal below 4. Consider G = Z >?(Z B Z), the splitting exten-
sion of Z B Z by Z lexicographically ordered, where

(0; a,b) if miseven,

—(m;0,0) +(0; a,b) +(m; 0,0) = PR
(m; 0,0) +(0; a,b) +(m ) {(O;b,a) if m is odd.
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This is a simple example of a Scrimger group [15], studied in connection with
I-group varieties; it is also a simple instance of the general construction of §3 and of
Theorem 3.21 in particular. Let B = 0 X(Z B8 0), a subgroup maximal below {(m;
0,n): meven}, and let 4 =Z X (0 B8 0), another subgroup maximal above B. The
point is that B is proper in 0 X (Z B8 Z) which is maximal below 4.

G is projectable if P(G) = %(G). This concept is also termed strong projectabil-
ity in the literature. A subset Z C G* is called type ¥ if

N{(z-2)vo)*:zez} =N{((-z+2)v0) " :zeZ} =0,

[1]). For example, a pairwise disjoint subset of G* is type #. G is said to be sup ¥
complete if every type % subset of G* has a supremum in G, and G is said to be
laterally complete if every pairwise disjoint subset of G* has a supremum in G™. The
following proposition relates these concepts, and impinges on the results of §6, but is
otherwise unrelated to the subject of this section.

PROPOSITION 1.7. A projectable I-group G is sup ¥ complete if and only if it is
laterally complete.

PROOF. Any sup # complete /-group is laterally complete. Now suppose G is
laterally complete and projectable, and consider a type % subset Z C G*. Let % be
(R C P(G): R is pairwise disjoint, and for each R € # there is some z € Z with
Rc ((Z-2z)Vv0)*}. Now Z is closed with respect to unions of chains, and so #
contains a maximal element %. Since V{((Z —z) V0)*: z € Z} = 1, it follows
that V® = 1,. Foreach R € # let ap and z satisfyzg € Z, RC ((Z — zz) V0) *,
ar € R, and zp —ag € R*. Then a = V{ay: R € 2} exists by the lateral com-
pleteness of G. We shall prove that VZ = q, the first step being to show Z < a.
Suppose for contradiction that a & z for some z € Z; find T € # such that
TN ({(z—a)*)**++ 0p, and let P be some prime subgroup satisfying P < P + ¢,
wheret€ T*andt<(z—a)*. Then P< P+a<P+z Nowa—a, €T+, for
otherwise {ap: RER} < -s+a<a for any s€ T with 0 <s<a—ar, so
a—zy=(a—ay)—(zy—ay)€ T*C P, meaning P+ z; <P +2z But TC
((Z — z;) V 0)* implies (z — z;) V0 € T+ C P, which in turn implies P + z < P
+ z;. This contradiction proves Z < a. VZ = a by Lemma 5.6 of [1] since, as has
just been pointed out, T C (a — z;)* forall T€ %, and so V{(a — z)*: z € Z}
=1, 0O

If A C G we say that the polars of &/ and 9 correspond whenever the intersection
map is one-one from #(G) onto (). This is equivalent to having each nontrivial
polar of G intersect 4 nontrivially.

COROLLARY 1.8. Suppose A is a maximal above I-subgroup of G. If G is projectable
then so is A. If G is sup % complete and polars in G and A correspond, then A is sup %
complete.

PROOF. Suppose G is projectable, P is a polar of 4 and Q = P+ +* in G. For
a€ Aleta=a,+ a, where a, € Q and a, € Q*. Now g, lies in A by virtue of
the saturation of 4, and so a; € Q N 4 = P. Next suppose G to be sup % complete
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and consider a type % subset Z C A4 *. Because polars correspond, Z is also of type
% considered as a subset of G, and so has a supremum z € G. z must lie in A4 by
the closure of 4. 0O

The relation of one subgroup being maximal above another has a tidy characteri-
zation in an abelian /-group. This characterization is important for §§5 and 6.

PROPOSITION 1.9. Let G be an abelian I-group with plenary set A of regular
subgroups, and let I-subgroup A lie above I-subgroup B of G. Then A is maximal above
B if and only if for each g € G \ A there is some a € A and positive integer n such that
ng — a has a value in A(B).

PROOF. If A is maximal above B, then it is maximal above B by Theorem 1.6, and
if g € G\ 4, then by Proposition 1.4 there is an element ng — a of the subgroup
generated by 4 U {g} with A(ng — a) N A(B) + &. The converse also follows
from Proposition 1.4. O

COROLLARY 1.10. Let G be an abelian I-group with maximal above subgroup A.
Then ng € A implies g € A for any g € G and nonzero integer n. Therefore A is
divisible if G is.

PROOF. A is maximal above B = N{Gy: § € I'(4)}. If g & A, then there is some
a € A and positive integer k for which kg — a has a value in I'(B). But then

n(kg — a) = k(ng) — na € A has a value in I'(B) also, a contradiction to the fact
that A lies above B. O

COROLLARY 1.11. Let G be a divisible abelian I-group with plenary set A of regular
subgroups, and let I-subgroup A lie above I-subgroup B of G. Then A is maximal above
B if and only if for each g € G\ A there is some a € A such that g — a has a value in
A(B).

PROOF. Suppose 4 is maximal above B and that g € G\ 4, and find a, € 4 and
positive integer n such that ng — a, has value § € A(B). Since G is divisible there is
an element a € G such that na = a;, and a € 4 by the previous corollary. Since
n(g —a)=ng — a;,, g —ahasvalue . O

COROLLARY 1.12. A maximal above subgroup A is convex if and only if A is a polar
if and only if A is also maximal below.

PRrROOF. If A is maximal above B and convex, then 4 C B+ by Proposition 1.4,
and since B * lies above B by Corollary 1.5, A = B* and so 4 is a polar. But any
polar is maximal below its complementary polar by Corollary 1.5. And any maximal
below subgroup is convex by Theorem 1.6. O

Given subgroup B of G let &/(B) designate the collection of all subgroups of G
maximal above B. Note that &/(B) # @ since the o-subgroup lies above B and is
therefore contained in some subgroup maximal above B by Theorem 1.6.

PROPOSITION 1.13. N/ (B) C B+ for any subgroup B of G. Therefore if B has only
one subgroup maximal above it, then this subgroup is B+ . G is representable if and
only if NZ(B) = B+ for all subgroups B of G.
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PROOF. Consider 0 < a € N/ (B). By Theorem 1.6 we may assume B € €(G).
Then for any 0 < b € B, (a + a A b) lies above B, forif P<P+a+aAb<P
+ b, for some b, € B and prime P, then P< P+a<P+a+aAb<P+b
implies a € P, hence a A b € P, contradicting P < P + a + a A b. Therefore there
is some A € &/(B)suchthat a + a A b€ A. Butthen a € A impliesa AbeE A N
B = 0. This argument shows that N&/(B) C B+ . Now suppose B is a subgroup of
the representable /-group G having plenary set A, and consider 4 € &/ (B). Because
B+ is normal in G, the subgroup generated by B+ U4 is B+ +A4; consider an
arbitrary ¢ + a € B* +4 and 8 € A(B). Since B ¢ G; it follows that B+ C G,
hence Gy + (¢ + a) = G5 + a, so a & G°. This shows that B* +4 lies above B,
and by maximality that B+ C 4. Thus \e/(B) = B~ . Finally, if G is not represen-
table then it is only because it contains elements b, g > 0 for which (g + b — g) A b
= 0. We claim (g) lies above (b), for if P < P + g < P + nb for some positive
integer n,then P+ g—nb—g<P—g<P,henceP<P+(g+nb—g)Ab,a
contradiction. Therefore there is some 4 € &/(b) such that g € 4. But b*C 4
would give g + b — g € A4, which leads to the contradiction b € 4 N (b) = 0. That
is,NZ(b) # b+. O

COROLLARY 1.14. For an I-group G the following are equivalent.
(a) G is archimedean. '

(b) Each maximal above subgroup is convex.

(c) Each maximal above subgroup is a polar.

(d) Each subgroup B has a unique subgroup maximal above it.
(e) Each closed convex l-subgroup is maximal above and below.

ProoF. If G is archimedean and a, b > 0, then a A b < a if and only if
a A b = 0. Thus (a) implies (b), and we have proven the equivalence of (b), (c), and
(d) in the last two results. To show that (d) implies (a) suppose that G is not
archimedean, say 0 < b < a. Then (a) and {(a + b) both lie above (b}, and yet a
and a + b cannot both belong to the same subgroup 4 maximal above (b), for then
b € (b) N A = 0, a contradiction. Finally, to prove the equivalence of (a) and (e) it
is enough to recall a theorem of Bigard [S]: G is archimedean if and only if each
closed convex /-subgroup is a polar. O

The following example from [7] sheds light on some of the ideas we have been
developing. It also nicely illustrates Corollary 1.14 by barely violating each of its
conditions. Let T'=(1,2,3,...,w,a}, partially ordered by declaring only that
w>a Let G={ge V(I,R): lim,_  g(n)=g(w)}. Let H={g€ G: g(w)=
0}. One readily checks that G is a nonarchimedean /-group all of whose convex
l-subgroups are closed. The maximal below subgroups are precisely the polars,
however, and in particular the only subgroup above H is (0). The polar G, = { g € G:
g(n)=0for all n = 1,2, 3,...} has numerous subgroups maximal above it, no one
of which is convex. Also observe that H is the join in X#(G) of the polars
E = {ge€ G: g(n)=0 for all odd integers n} and O = {g € G: g(n) = 0 for all
even integers n }. Thus the maximal below subgroups do not constitute a sublattice
of X' (G).



ABOVE AND BELOW SUBGROUPS OF A LATTICE-ORDERED GROUP 9

In some instances an /-subgroup A4 will lie above an /-subgroup B provided only
that 4 N B = 0. The remainder of this section is devoted to an investigation of
some of these instances.

LeEMMA 1.15. Suppose t, g € G* withg A (t — g)*> 0 and t special. Then 2t A g
is a nonzero component of g.

PrOOF. Consider a prime subgroup R omitting g A (¢t — g)*. Then R< R + g <
R + ¢, hence R C Q, where Q is the unique value of ¢, and this implies Q + g < Q
+t1<Q+2t.lfu=(g— 2t A g)AQ2tAg)>0,then for any prime P omitting
u we would have P < P + 2t < P + g. Again, the fact that + ¢ P implies P C Q,
which in turn implies Q + 27 < Q + g, a contradiction. Therefore u = 0, proving
2t A g to be a component of g. 2t A g > 0 because R + (2t A g)=R + g > R,
where R has the meaning above. O

LEMMA 1.16. Suppose a, b € G* with r=a A (b —a)*> 0. If t is a nonzero
component of b such that t++C r*+, thent A ais a nonzero component of a.

PROOF. Let us show first that u =(a—(a A t)) A(aAt)=0.If u> 0, then
since u <t€r** we may find a prime P omitting u A r, from which follows
P <P+t <P+ a Nowsince ¢ is a component of b we have P+ t=P + b < P
+ a, hence (b — a)* € P. But this contradicts the assumption that P < P + r < P
+ (b — a)*. We conclude u = 0, meaning ¢ A a is a component of a. 0 # ¢+ +C
rttimpliesO#tAr<tAa O

PROPOSITION 1.17. Suppose that A and B are I-subgroups of G such that B is convex
and A is saturated. Suppose further that B satisfies either (a) or (b) below. Then A lies
above B if and only if A N B = 0.

(@) b=V(T A b) forallb € B*, where T = {t € B™: t special }.

(b) &L (B) is dense in P(B). That is, for each 0 + X € P(B) there is some
0+ YeS(B)suchthat Y C X.

PROOF. Suppose that B satisfies (a) and that r = a A (b — a)*> 0 for some
ac€ A" and be B*. Since r=V{(t A(b—a))*Aa: t€ T}, we may assume
be T. By Lemma 1.15, 2b A a is a nonzero component of 4. 2b A a € A by
saturation and 2b A a € B by convexity, so 4 N B # 0. Now suppose that B
satisfies (b) and that r =a A (b—a)*> 0 for some a€ A* and b € B*. Let
X=r*t andfind0#* YeF(B)withYC X. Let b=t + (b—t), wheret€ Y
and b—re€ Y*. By Lemma 1.16, ¢t A a is a nonzero component of a, hence
tha€eANB+#0. O

Let S designate the class of /-groups G whose every positive element is a disjoint
supremum of special elements, or equivalently, those /-groups G having a plenary set
of special subgroups. It is known (Theorem 3.18 of [3]) that G is normal-valued and
completely distributive if and only if G is a large /-subgroup of a member of S.

COROLLARY 1.18. Suppose that A and B are I-subgroups of G such that B is convex
and that A is saturated. Suppose further that either B € S or B is projectable. Then A
lies above B if and only if A N B = 0.
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We next show that G is normal valued if and only if G is an./-subgroup of a
member of S. The proof modifies that of Proposition 3.17 of [3], and requires some
auxiliary ideas.

Suppose A is a plenary set of regular subgroups of G which is normal, that is,
-8+ G5+ g € A whenever G; € A and g€ G. Then ¥(A)={YC G: Y2 N4,
for finite Ay C A} is the neighborhood filter of 0 of a topology (also designated
% (A)) with respect to which all group and lattice operations are continuous [4]. The
subbasic open sets have the form G; + g for G; € A and g € G. We write G <, H
to mean that H is an /-group having a normal plenary set A’ of regular subgroups
such that G is an /-subgroup of H dense with respect to ¥(A’) and such that A’ and
A are in one-one correspondence by intersection. The density condition may be
reformulated as follows: any finite collection of cosets of elements in A’ which has
nonempty intersection in H must have nonempty intersection in G also.

PROPOSITION 1.19. Suppose A is a normal plenary set of regular subgroups of an
I-group G. Then there is an l-group G* which is unique up to l-isomorphism over G with
respect to the following property. For any l-group H, G < , H if and only if there is an
I-monomorphism 6: H — G* over G.

PROOF. Let G2 be the completion of G with respect to the /-Cauchy structure
P(A)={F: & isafilter on G such that (F - F) N (-F+ %) 2 ¥(A)} induced
by €(A) [1]. For each G5 € A let cl(Gy) = {[F]: G5 € F }, a prime subgroup of
G*, and let A’ = {cl(G;): 8 € A}. It can readily be verified that G <, G®. Now
suppose G <, H and consider h € H. Let % be the trace of the neighborhood
filter (with respect to ¥(A")) of h on G, and let — designate convergence in €(A”).
Then $—F—>h—-—h=0and -F+F—> -h+ h=0,s0 Fc D(A). Define hf =
[#]. One easily verifies that 8 is an /-monomorphism. O

PROPOSITION 1.20. G is normal valued if and only if G® € S, and in this case A’ is
the minimal plenary set of special subgroups of G°.

PROOF. Let H be G2, and consider 0 < h € H. Then h = [#] for some Cauchy
filter ¥ on G. Fix 6 € A for which Hy is a value of h in A’. Let ¥ be £/ U A,
where # = {G, +g,€X: G, C Gs} and A= {G,: G, unrelated to G;}. We
claim that every finite subset of # has nonempty intersection. Given finite A, C A~
find 0 < x, € G,\ G, for each G, € 4, and let x = Ax, € (NG,)\ G,. Given
finite #, C A choose g € N#,, possible since A, C /. Because G has normal
values there is some positive integer n such that Gz + g < G5 + nx. Therefore
nx A ge (N#,)N((A})# D. This completes the proof of the claim that %
generates a proper filter on G, one which is readily seen to be in 2(A). Let
[#]1=f€ H. Now for y € A, G, C G, implies the existence of some g, € G for
which G, + g, € #NF, hence G, € #— %, while G, unrelated to G, implies
G, € #. Therefore (#— F) A F2 €(A), meaning that (h — f) A f= 0 so that f
is a component of 4, and h € H, for all y € A such that G, is unrelated to G,
while 4 — f € H, for all y € A such that G, C G,. Therefore h is special with sole
value Hj, which must therefore be closed. Clearly # must be the supremum of its
special components. O
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To be sure, not all members of S have the form G* for some /-group G. It is not
difficult to show, for example, that G® must be sup % complete and therefore
laterally complete. But G 4 need not be Dedekind MacNeille complete; in particular,
if G is the l-group of rational numbers, then G% = G. Is it possible to characterize
I-groups of the form G*?

In the next result, A ~ designates the convexification and [A] designates N{C:
A < C < G and C saturated) for an l-subgroup 4 of G.

THEOREM 1.21. Suppose A and B are l-subgroups of the normal-valued l-group G.
Then A lies above B if and only if [A]N B ™= 0 in G*. In particular, if G € S, then a
saturated subgroup A lies above B € 4(G) if and only if A N B = 0.

PROOF. Suppose G € S and that A is the minimal plenary set of special subgroups
of G. Suppose that the saturated subgroup A fails to lie above the convex /-subgroup
B. By Proposition 1.4 there is some a € A*, b€ B¥, and § € A such that
8 € A(a) N A(b). Because G € S we may replace a by its special component having
value 8, which also lies in A because 4 is saturated. Because G®/Gj is archimedean,
a < nb for some positive integer n. Thatis,a€e AN B # @. 0O

2. Maximal below subgroups. In this section we present conditions sufficient for an
I-group B to be maximal below in G. Given another /-subgroup 4 the notation
BV A* refers to {g € G: |g| < n(bV x) for some 0 <b€ B, 0<x€ A", and
positive integer n}, the supremum of B and A+ in €(G).

PROPOSITION 2.1. For I-subgroups A and B with B convex, (a) implies (b), and (b)
and (c) are equivalent. If G = A+ + BA~ then (b) implies (a).

(a) BV A+ is maximal below A in G.

(b) BN A+ + is maximal below A in A* .

(c) BN A** is maximal below A B A* in G.

PROOF. Assuming (a) holds, B N A+ * surely liesbelow 4 in A**+. If BN A+
Cc Ce €(A*+), then CV A2 BV A* by virtue of the distributivity of ¢(G);
hence there are elements a € A+, c € C*,0 < x € A*, a prime subgroup P, and a
positive integer n such that P <P+ a <P+ n(cV x)=P+ncV nx =P+ nc
(n(c V x)=n(c+ x)=nc+ nx =ncV nx because ¢ A x =0, and nx € P be-
cause a A x = 0 and a & P.) This proves that (b) holds. If (b) holdsand BN A+ *
C C € %(G) such that C lies below A 8 A+, then C € A+ * by the last assertion
of Proposition 1.4, and so C = B N A* *, meaning (c) holds, and (c) clearly implies
(b). Finally, suppose that G = A+ BA* and that (b) holds. Given 0 <a € 4,
0O<beB,and 0 < x € A* we may write b = bva + bpa, where brva < a. There-
fore

an(n(bV x))<an(n(b+x))=aA(nbva+ n(bpa + x)) = nbva < a,

proving that B vV A* lies below 4. If B v A* C C € ¥(G) such that C lies below
A, then

C=CnNnG=(CNAtH)B(CNAY)=(BNA+**+)BA*=BV A+,
where the penultimate equality holds by (b). O
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The following example shows that (b) does not generally imply (a) in Proposition
21. Let I' = {0,1,2,... } be ordered by declaring 0 >2n +1forn=1,2,3,....
Let G={ge V(I,Z): {(n €T:(n)g + k} is finite for some k € Z}, let 4 be (a )
where (0)a = 1and (n)a=0forn > 0,andlet B= {g € G: (2n)g = 0for n =0,
1, 2,...}. Then B is maximal below 4 in A**=A4, yet BV A+t={geG:
0¢& {neT: (n)g=+ 0} finite} is properly contained in B, = {g € G: (0)g = 0},
and B, is (maximal) below 4 in G.

COROLLARY 2.2. Suppose A and B are l-subgroups of G. Then B is maximal below A
in A+ * if and only if B is maximal below A B A* .

We refer to (A4, B) as a maximal above and below pair if A is an [-subgroup of G
maximal above B and B is an /-subgroup of G maximal below 4.

PROPOSITION 2.3. Suppose (A, B) is a maximal above and below pair in G. If B is
prime, then A must be totally ordered. In a normal-valued l-group G, B is prime if and
only if A is a totally ordered set of special elements. In particular, if a prime subgroup
of a normal-valued I-group is maximal below, then it is an intersection of special
subgroups. Therefore a regular subgroup of a normal-valued I-group is maximal below if
and only if it is special.

PROOF. If a; and a, are disjoint elements of A4, then one must lie in B, hence one
is 0. That is, A4 is totally ordered. If G is normal valued, then B = N{Gy:
8 € A(A4)}, hence A(A) must be totally ordered and all elements of 4 must be
special. O

To see that the normal-valued hypothesis cannot be omitted from the preceding
result take G tobe {g€ AR): g+ p=p + g}, where (r)p=r+ 1 forall r €R.
Let 4 = (a), where (r)a=r+ 2,and let B be {g € G: (0)g = 0}.

COROLLARY 2.4. A normal-valued I-group is finite-valued if and only if every regular
subgroup is maximal below.

Asin §1, let S designate the class of all /-groups G whose every positive element is
a disjoint supremum of special elements.

COROLLARY 2.5. If G is normal-valued, completely distributive, and if every closed
convex l-subgroup of G is maximal below, then G € S.

PROOF. Let A be the minimal plenary set of closed regular subgroups of G. Since
each G, is maximal below, it is also special. O

PROPOSITION 2.6. A subgroup B of an abelian I-group G is prime and maximal below
if and only if B is an intersection of a chain of special subgroups.

PROOF. Suppose B = N{G,: A € A} for some chain A of special subgroups. For
each A € A choose special a, € G*\ G,, and let 4 be (a,: A€ A). Then
B =N{G,: A € A(A)} is maximal below 4. O

COROLLARY 2.7. An abelian Il-group is finite-valued if and only if each prime
subgroup is maximal below.
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COROLLARY 2.8. If 0 < a is special with value G,, then G, N a** is maximal
below (a) B a* and also maximal below {(a) ina**.

PROOF. Take A4 to be (a) and B to be G, in Proposition 2.1. O
The convex l-subgroup M of the following lemma has been well studied. A proof
can be found in [11], for example, of the final assertion of the following lemma.

LEMMA 2.9. Suppose P is a prime subgroup of G andlet M = {g € G: |g| Ag=10
for some g € G\ P}. Then M € €(G), and any convex l-subgroup C which contains
M must be related to P. Thus M = {Q € €(G): Q C P and Q prime}.

Proor. If 0 < g,,8, € M with g, A g,= 0 for q;, g, € G\ P, then (g, + g,) A
(¢, N q;) =0, and ¢, A g, € G\ P by the primeness of P. Thus M € %(G). Now
suppose M C C ¢ P for some C € ¢(G); say ¢ € C*\ P. Consider p € P*. Then
cApEPNC, hence ¢’ =c(cAp)leP. Because ¢’ Ap =0, where p’' =
p(c A p)7!, we conclude that p’ € M C C, whence p € C. That is, P C C. Finally,
let #={Q€ ¢(G): QC P, Q prime}. Given p € P\ M there is some prime
subgroup Q such that M C Q and p & Q, and the preceding argument shows
Q € #. Therefore N# C M. On the other hand, for any Q € #, g € G, and
q € G\ P such that g A ¢g=0 we must have g € Q by primeness. That is,
McN#. O

PROPOSITION 2.10. If G is abelian and 0 < a € G is special with value G,, then
each N € €(G) between G,Na** anda™* * is maximal below.

PROOF. If N =a**, then N is maximal below a* by Proposition 1.4, and if
N=G,Na**,then N is maximal below (a) B a* * by Corollary 2.8, so assume
G,Na**< N <a**. Observe that any h € a* *\G, must be special. (If # had
a value G; unrelated to G,, then by Lemma 2.9 there would be disjoint elements
x € Gs\ G, and y € G,\ G;, and by replacing x by some multiple we could
assume x > g. Then y € g+ \h*, contrary to assumption.) Let I' = {G,: G, is the
value of some 0 < & € a* *\N} and for each choose 4, € a* * \N with value G,.
Let A = (h,: y €T). Since N is maximal below 4 in a* * by construction, N is
maximal below 4 B a* by Proposition2.1. O

PROPOSITION 2.11. Suppose {G,: A € A} is a set of special subgroups. If G is
abelian, or if each element of A exceeds an element minimal in A, then B = N{ G,
A € A} is maximal below.

PROOF. For each A € A choose a, to be a positive special element in G*\ G,. If
G is abelian, then the subgroup A generated by the a,’s is the direct sum of the
cyclic subgroups {a, ), hence I'(4) = A, where I" here represents the plenary set of
all regular subgroups of G. Therefore B is maximal below 4 by Theorem 1.6. If each
element of A exceeds an element in Ay = {A € A: X is minimal in A}, then let
A = (ay: A € Ay). Observe that since a, A azg=10 for A # 8 in A, A is the
cardinal sum of the cyclic subgroups (a,) for A€ A,. f0 <a€Adand0<b e
N{G): A € Ay} satisfy P < P + a < P + b, then the value of a containing P must
lie in A and therefore contains b, a contradiction. This shows that NG, lies below
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A.If G, C B € €(G), then there is some A € A such that B ¢ G,. Because G, is
normal in G* (Corollary 4.3.5 and Proposition 4.4.4 of [6]), G, + a, < G, + b for
some b € B, hence a, € B, a contradiction. O

COROLLARY 2.12. If T(G) is finite, then every convex l-subgroup is maximal below.

LEMMA 2.13. Suppose B is a convex I-subgroup of an abelian I-group G. If there is a
plenary set A of regular primes such that for each 8§ € A\ A(B) there is some
0 < g(8) € G with the property that {y € A(g(8)): v is related to an element of
A(B)} € {8} € A(g()), then B’ = { g € G: A(g) € A(B)} is maximal below.

PROOF. An element of the group generated by { g(8): 6 € A\ A(B)} has the form
x =Xk _,n,g(8,), where §, € A\ A(B) and n, € Z. Suppose x has value y related
to an element A € A(B). By relabelling, assume g(§;,) € G, for 1 <i<m and
g(8)€ G, for m+1<i<k, sothat G, +x =G, + L. ng() For each i,
1 < i< m, g(§;) has a value p;, containing y, and since p, is also related to A,
p;, = 8, in each case. Therefore v is the greatest element in the chain {§;:1 < i < m},
and in particular y € A\ A(B). Since A(A4) = A\ A(B) it follows that B’ is
maximal below 4. O

PROPOSITION 2.14. If g is a finite-valued element of an abelian I-group G, then G(g)
is maximal below.

PROOF. Write g as g, + g, + - -- +g,, where the g,’s are disjoint and special with
respective values y;, ¥,-..,Y,- Given A € I\ T(g) let I = {i: A # v;}, and for
each i € I choose 0 < x;, € (G*\ G,) N G,. Let g(A) = A{(x, — |g)*": i€ T} if
I # @, otherwise let g(\) be any positive element of G*\ G,. Now take B = G(g)
in Lemma 2.13, and note that B’ = B. O

The descending chain condition (every descending chain is finite) is abbreviated
DCC.

PROPOSITION 2.15. Suppose G € S, and suppose G is either abelian or that the
minimal plenary set A satisfies the DCC. Then every closed convex l-subgroup is
maximal below.

PrOOF. For B € X' (G) we claim B =N{Gs: 8 € A, BC G;}. Forif 0 <x & B
then x = VT for some disjoint set T of special elements. Since B is closed it cannot
contain T, say 0 <t &€ T\ B with value 8§ € A. Then B C Gj, since otherwise
t € B, and this proves the claim. To prove the proposition take I' = {§ € A:
B C Gg} in Proposition 2.11. O

COROLLARY 2.16. If G is finite-valued and its plenary set of regular subgroups enjoys
the DCC, then every convex l-subgroup of G is maximal below.

The example following Theorem 2.19 shows that the DCC cannot be omitted from
the hypotheses of the previous corollary. In the following proposition, B =
N{C € X (G): B c C} denotes the closure of B. It is known that B = {g € G:
lgl =V{be B*: b<|gl}}
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LEMMA 2.17. Suppose G is normal-valued and completely distributive with minimal
plenary set A. Then B=N{Gs: BC Gyand § € A} = {g € G: A(g) C A(B)}.

PROOF. The first equality follows from the fact that any closed convex /-subgroup
of a normal-valued completely distributive /-group is an intersection of closed prime
subgroups [14]. The second equality can be routinely verified. O

PROPOSITION 2.18. Suppose G is an abelian l-group in S. If A is a subgroup
maximal above B € €(G), then B is maximal below A.

PROOF. B lies below 4 by Theorem 1.6. Suppose B ¢ H € %(G) and that H lies
below A. Fix 0 < h € H\ B, and write h = VT for some disjoint set T of special
elements. Now T ¢ B, for otherwise the closure of B would imply 4 € B. Fix
t € T\ B with value y. We claim that the subgroup A’ generated by 4 U {t} lies
above B. Consider a value 8 of a typical element a + nt € A’, where a € 4 and n is
an integer. If + € G, then 8 is a value of a and so G5 2 B. If t & G, then § < v,
and by Proposition 1.2 y < a for some value a of a. Therefore 8§ = a, and again
G5 2 B. This proves the claim. But then the maximality of A forces ¢ € 4,
contradicting the assumption that H lies below 4. We can only conclude that
B=H O

The following theorem sums up the preceding results.

THEOREM 2.19. Suppose G is normal-valued and completely distributive with minimal
plenary set A. If G is either abelian or A has the DCC, then each closed convex
l-subgroup of G is maximal below if and only if G is in S. If G is abelian and in S and
if A is a subgroup maximal above B € €(G), then B = {g € G: A(g) C A(B)} =
N{Gs: 8 € A and B C Gy} is maximal below A.

We close this section with an example which shows that the hypothesis that G be
either abelian or have a root system with the DCC cannot be dropped from the last
several results. This example also shows that a normal convex /-subgroup of a totally
ordered group need not be maximal below. Let G be the free group on a countably
infinite set of generators and let B = [G, G] be its commutator subgroup. Then G/B
is group isomorphic to ¥% ,Z; and G can be totally ordered so that B is convex and
G/B is o-isomorphic to Z(w*,Z), where w* is the set of integers under reverse
order. The point here is that G/B has no smallest nontrivial convex /-subgroup.

Now suppose B is maximal below 4 and pick u, v € A. Thenu +v—-—u—-v € A4
N B = 0, meaning A is abelian. Since 4 is also free, 4 = {(a). If G, is the value of
a in G we get B ¢ G, below A. Thus B is not maximal below. Observe that this
example shows that the set of maximal below subgroups of G is not closed under
intersection.

The construction above can be modified to produce a totally ordered group H
whose every convex /-subgroup is normal, but whose only maximal below subgroups
are the regular ones. Let H be the free group on countably many generators as
before, and let H = H® > H® > ... be its descending central series. Then H can
be totally ordered so that each H" is convex and so that each quotient H™ /H"*D
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is order isomorphic to Z(w*, Z). An argument similar to the one above shows that H
has the stated properties.

3. The construction of the splitting extension. Suppose /-groups A and B are given
along with a group homomorphism ¢ from 4 into the group of /-automorphisms of
B. Can the resulting group splitting extension of B by A, denoted A4 X B, be
endowed with a lattice order extending those on 4 and B and with respect to which
A lies above B?-We prove that the answer to this question is affirmative, and that
every such order is uniquely determined by a lattice homomorphism 7: €4(A4) —
& (B) such that #(0) = 0. The construction of G = 4 X B from A4, B, o, and = is
shown to be sufficiently general to encompass cardinal product, lex extension, and
l-permutation wreath product.

LEMMA 3.1. Suppose a lies above b in G. Then (a + b)*=a "+ a*Ab*—a* A b~
+(bpa)* and (a+b)"=a " Ab —a Ab*+a +(bpa)". Thusa + b > 0 if and
onlyifa > 0 and bpa > 0.

PRrOOF. By substituting the expression for bra + bpa in Proposition 1.1 for b in
a + b and grouping, one obtains a + b = ¢ — d + bpa, where c =a*+a*A b —
a*Ab and d=a Ab —a Ab*+a*. Now a*=0 implies c =0 and a*> 0
implies c = a*+ a*Ab"—a*A b >a"—a*A b > 0 because b~ lies below a™.
Likewise a ™= 0 implies d = 0 and @~ > 0 implies d > 0. Since ¢ and d are disjoint,
we get (a + b)*=c + (bpa)* and (a + b) "= d + (bpa)~. Clearly (a + b) = 0 if
and only if a™= (bpa) = 0. O

THEOREM 3.2. Suppose A and B are l-subgroups of G such that A is above B and let
H be the subgroup generated by A and B. If B is normal in H, then H is a splitting
extension of B by A, and the following are equivalent.

(a) H is an l-subgroup of G.

(b)aAbeBforallac A*andb € B™.

(oo B=BNH@®BBNa* forallac A.

Furthermore, B is maximal below A and A is maximal above B in H. In particular, if
G is normal-valued and if B is maximal below A in G, then B is normal in H and the
conditions above hold.

PROOF. Suppose B is normal in H. Then H is a splitting extension of B by A4
because B N A = 0. Now assume (a) and consider a € A* and b € B*. Then
aAb=a,+ b, for some a; € A and b, € B. We claim that a, = 0, for if not
there is some prime P omitting a,. P also omits a; + b,, for otherwise we would
have P < P+ a; =P — b, <P — 2b, or perhaps P < P — a, meaning Q < Q —
a,=Q+b, <Q+2b where Q = -a, + P + a,, in either case a violation of
Proposition 1.1(c). So P<P+a, +b,=P+aAb=P+b, hence P<P + a,
=P+ (b— b)) <P+ 2b—b;), again contradicting Proposition 1.1(c). This
proves that a A b = b; € B. If (b) holds then bra € B by Proposition 1.1 and so (c)
holds. If a € A* and b € B™ and (c) holds, then b = b, + b, where b, € B N H(a)
and b, € B N a*, but by Proposition 1.1, b, = bra = b A a € B, hence (b) holds.



ABOVE AND BELOW SUBGROUPS OF A LATTICE-ORDERED GROUP 17

And (b) implies (a) by Lemma 3.1. Finally, observe that 4 is maximal above B in H
in the very strong sense that any subgroup of H properly containing A has
nontrivial intersection with B, and B is likewise maximal below 4 in H.

If B is maximal below A4 in the normal-valued /-group G and if a € A* and
be B*, then bA(a+a,—a)<a+a, —a implies (-a+ b+ a)Aa, <a,.
This shows that B is normal in H, and the convexity of B in G implies that
conditions (a), (b), and (c) hold in this case. O

Suppose 4, B, and H satisfy the conditions of Theorem 3.2. With each a € 4
associate the /-automorphism o(a) of B defined by bo(a) = —a + b + a. Then the
addition in H = A + B is given by

(a; + b)) +(ay + by) = (a, + a,) +(by0(a,) + b,).

With each a € 4 also associate [a] = BN H(a)= {b € B: |b| < |a|} € ¥(B).
Denote the complementary summand [a) = BN a*. Let m: €4(A4) > ¥ (B) be
defined by m(A(a)) = [a]. Note that = is well defined since A(a,) = A(a,) implies
H(a,) = H(a,). Associated with the summand [a] are the projection /-epimorphisms
va: B — [a] and pa: B — [a] satisfying b = bva + bpa for all b € B. The
following proposition, whose proof is straightforward, sets down the relevant attri-
butes of o and 7.

PROPOSITION 3.3. Suppose A and B are l-subgroups of G such that B lies below A, B
is normal in the group H generated by A U B, and H is an l-subgroup of G. Then o is a
group homomorphism from A into the group of l-automorphisms of B, = is a lattice
homomorphism from €4(A) into & (B), and the following properties hold.

(a) #(0) = 0.

(b) o(a) is the identity on [a] foralla € A.

(©) [a,]0(a,) = [-a, + a, + a,] forall a,, a, € A.

The following theorem, which is a converse of Proposition 3.3, is one of the
central results of this paper. It asserts that the properties of ¢ and 7 pointed out
above are the important ones, for they are sufficient to construct H from A4, B, o,
and .

THEOREM 3.4. Suppose A and B are I-groups, o is a group homomorphism from A
into the group of l-automorphisms of B, and = is a lattice homomorphism from €4(A)
into & (B), where m[ A(a)] is denoted by [a). Suppose further that properties (a), (b),
and (c) of Proposition 3.3 hold. Let G = A X B, where (a,, b,) + (a,, b,) = (a; +
a,, b,o(a,) + b,), and define (a,b) > 0 if and only if a > 0 and bpa > 0. Then G is
an l-group in which A and B are embedded as l-subgroups such that A is maximal above
B and B is maximal below A. Moreover bo(a) = —a + b + a and w[A(a)] = [a] =
G(a)NBforallac Aandb € B.

References to 4 and B as subgroups of G in Theorem 3.4 presume the usual
identification of each a € 4 with (4,0) € G and each b € B with (0,b) € G. We
shall prove this theorem by a sequence of lemmas, each of which assumes the
notation and terminology of Theorem 3.4. The first lemma in the sequence proves
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the antisymmetry of the order; it makes use of the fact that [0] = B because
[0] = #(0) = 0, hence b»0 = 0 and bp0 = b for all b € B. Note also that —(a, b) =
(-a,-bo(-a))inG.
LEMMA 3.5. If (a,b) > 0 and —(a,b) > 0, thena = 0 and b = 0.
PROOF. (a, b) > 0 implies a > 0, and —(a, b) = (-a, -ba(-a)) > 0 implies a < 0,
so a = 0. And (a, b) > 0 also implies bpa = bp0 = b =0. O
The next lemma proves the closure of the positive cone under addition. It makes
use of the fact that for a,, a, € 4 and b € B, bva,0(a,) is a component of ba(a,)
because brva, is a component of b. Since [a,]o(a,) =[-a, + a; + a,], we see
bva,o(a,) = bo(a,)v(-a, + a; + a,) and bpa,o(a,) = bo(a,)u(-a, + a, + a,).
In addition if A(a,) C A(a,), then [a,] = 7(A(a;)) € m(A(a,)) = [a,]. So under
these circumstances bva,va, = bva,va, = bra, and bpa,pa, = bpa,pa, = bpa,,
hence brva, > 0 implies bva, = 0 and hpa, = 0 implies bpa, = 0.
LeEMMA 3.6. If (a,, b,), (a,, b,) = 0, then (a,, b)) + (a,, b,) > 0.
PrOOF. Clearly a, + a, > 0 because a;, a, > 0, and
(bio(ay) + by)pla, + ay) = bio(ay)p(a; + ay) + bypu(a, + ay)
= bip(a, + aj)o(ay) + byp(a; + ay)
>0
because b,pa,, bpa, > 0imply b p(a; + a,) and b,p(a, + a,) > 0. O
The next lemma establishes the normality of the positive cone.
LeMMA 3.7. If (a,,b,) >0, then —(a,, b))+ (a,, b))+ (a;,b,)=0 for any
(a;, b)) € G.
PROOF.
-(ay, b)) +(ay,b,) +(ay, b)) = (a,— bo(a) + bo(a;) + by),
where a = —a, + a, + a; > 0, and
-b,o(a)pa + byo(a;)pa + bypa = -b,pao(a) + bypa, + bypa
= -b,pa + bypa, + bjpa > 0,
where the last equality holds because o(a) is the identity on [a]. O
Thus far we have shown G to be a partially ordered group. We shall show outright
that G is a lattice in Lemma 3.9, which is made easier by the following result.
LEMMA 3.8. (ay,b;) = (a,, by) if and only if a, > a, and bu(-a, + a,) >
byu(-a, + a,).
PROOF.
(a,,b,) —(ay,b,) = (a; — a,,(b; — by)a(-a;)) > 0

if and only if a; — a, > 0 and

(b, — b2)o(—02)""(al — a,) = (b, — by)u(-a, + a;)o(-a,) > 0.
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But this is equivalent to a; > a, and (b; — b,)p(-a, + a;) > 0, which is the
condition above. O

LEmMMA 3.9.
(ay,b,) V(ay, by)

=(a, vV ay,byp(-a, + a)) "+ byp(-a, + a,) "+ (b, V by))u(-a, + a,)),
(ay, by) A(ay, by)

= (a, A ay,by(-ay + a)) " + byp(-a, + a,) " +(by A by)p(-a, + ay)).

PROOF. Abbreviate by (a, V a,, b) the expression for (a,, b;) V (a,, b,) above.

We claim (a, V a,, b) > (a;, b,) fora;, V a, > a, and

bu(-a, + a, V a,) = bu(-a, + a,) " = byy(-a, + a)) " +(b, V by)p(-a, + ay)
> by(-a, + a)" + bp(-a, + a,).

Now A((-a, + a))*) V A((-a, + a,)*) = A(-a; + a;) and A((-a, + a;)") N
A((-a; + a,)™) = 0, and since = is a lattice homomorphism we have [(-a, + a;)"]
B8 [(-a, + a,)"] = [-a, + a,] and [(-a, + a,)*] N [(-a; + a,)*] = 0, from which
follows [(-a, + a;)"]1 B [-a, + a,] = [(-a; + a,)*]. Therefore b,y(-a, + a;)*+
b,p(-a, + a;) = bypu(-a; + a,)”, which completes the verification of the claim. A
similar argument shows (a, V a,, b) > (a,, b,).

Suppose (a,, b;) = (ay, b)), (a,, by). Clearly a; > a; V a,, and we know
byp(-a, + a3) = byp(-a, + a;) and byu(-a, + a;) = byp(-a, + a;). We must
show b;pa > bpa, where a = -a, V a, + a; = (-a; + a;) A (-a, + a;). Since
[(-a, + a))*18[(-a; + a,)*]1 B [-a, + a;] = B, this amounts to showing that each
term of bypa = byy(-a, + a;))*pa + byw(-a, + a,)* pa + byu(-a, + a;))pa ex-
ceeds (> 0) the corresponding term of bpa. We begin by showing

byv(-a, + a;) " pa > byw(-a, + a;) " pa.
Now 0 < (-a, + a))*= -a, + (a, V a,) < -a, + a;, so [(-a, + a;)"] C
[-a, + a;] or [(-a, + a,)"] N [-a, + a,;] = 0, which together with [-a; + a,] V
[-a, + a,;] = [a] yields [(-a, + a;)*] N [a] C [-a, + a;]'. Because
byu(-a, + a3) > byp(-a, + a;)

it follows that b,v(-a, + a;)*pa > byy(-a, + a;)*pa, and a similar argument
shows byv(-a, + a,)*pa > b,v(-a; + a,)*pa. It remains to show

byp(-a, + a)pa > (b, V by)p(-a, + a))pa.
Now A(-a, + a;) € A(-a, + a,) V A(-a, + a;) and A(-a, + a,) C A(-a, + a,)
V A(-a, + a;) imply A(-a, + a;) € A(-a; + a,) V A(a), and similarly

A(-a, + a;) € A(-a, + a,) V A(a).

Therefore

[-a, + a;] V[-a, + a3] € [-a; + a,] V]a],
or

[-a; + a1 n[a] ¢ [-a; + a3] N[-a; + a,5]".
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Then byu(-a; + a;) > byp(-a, + a;) and bypu(—a, + a;) > byp(-a, + a;) imply

byp(-ay + aypa > (b V by)u(-a, + ay)pa. O

LEMMA 3.10. B lies below A in G.

PrOOF. Given 0 < (0,b) € B and 0 < (a,0) € 4, (a,0) A (0, b) = (0, bva), hence
n(a A b) = (0, nbra) < (a,0) because a > 0 and (nbva)pa = 0 < Opa. O

The reader may readily verify that bo(a) = —a + b + a and that [a] = G(a) " B
for each a € 4 and b € B. Thus Lemma 3.10 completes the proof of Theorem 3.4.
We shall refer to G as the splitting extension of B by A determined by ¢ and .
Because A4 is obviously maximal among subgroups of G lying above B and likewise
B maximal below 4, we know that 4 and B are closed /-subgroups of G, that B is
convex, and that A4 is saturated.

The next few results concern ¢(G) as determined by ¥(A4) and ¥(B). We
continue to assume the terminology of Theorem 3.4.

PROPOSITION 3.11. Let C and D be Il-subgroups of A and B, respectively. Then
C X D is an l-subgroup of G if and only if Do(c¢) = Dand D = (D N [c]) B (D N [c])
for all ¢ € C. In this case C X D is the splitting extension of D by C determined by
(the restrictions of ) o and .

PROOF. Clearly C X D is closed under addition if and only if Do(c) = D for all
ce C.Given0<ceCand0 <de D, c Ad=(0,dvc). Thus in order for C X D
to be a sublattice it is necessary that D = (D N [c]) B (D N [c]) for all ¢ € C;
Lemma 3.9 shows that this condition is sufficient as well. O

Given an [-subgroup C of A4 let B. = U{[c]: ¢ € C}. Notice that B. € €(B)
because {[c]: ¢ € C} is a directed set. Given the /-subgroup D of Blet A, = {a € A:
[a]C D)} € €(A).

PROPOSITION 3.12. The following are equivalent for l-subgroups C < A and D < B.
(a) C X D € €(G).
(b) C € ¥(A) and B- < D € €(B).
(c) D€ €(B) and A, 2 C € €(A).
Furthermore, every E € €(G) is of the form E = C X D for unique [-subgroups
C = E N A and D = E N B satisfying the conditions above.

PRrOOF. Suppose C X D € ¢(G). Then 0 < x < ¢ € C implies 0 < (x,0) < (c,0)
€ C X D, hence (x,0)€ C X D or x € C € ¢(A). Likewise D € €(B). For any
ce Cand 0 < b € [c], (0,0) < (0,b) < (|c|,0) € C X D, hence (0,b) € C X D by
convexity, or b € D. This proves that (a) implies (b); now assume (b) to prove (a).
Force C, D =[c]B(D N [c])and Do(c) = [clo(c)B(D N[c}])=D,s0C X D
is an [-subgroup by Proposition 3.11. Consider 0 < (x, y) < (¢,d) € C X D. We
know from Lemma 3.8 that 0 < x < ¢, ypx > 0, and dp(—x + ¢) = yu(-—x + ¢). It
follows that x € C and that duc > ypc > 0, and since dvc € [¢c]C D, dpc € D
and ypc € D by convexity. Thatis, y = yrc + ypc € D, proving (a). (b) and (c) are
clearly equivalent.
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Suppose E € ¥€(G)andlet C = E N A and D = E N B. Observe that 0 < (x, y)
€ G implies 0 < (x,0) < 2(x, y) = (2x, yo(x) + y) because 2x > x and

(yo(x) +y)p(-x + 2x) = ypx > 0 = Op(-x + 2x).

Therefore 0 < (¢, d) € E implies (¢,0) € E by convexity. If (¢, d) is an arbitrary
element of E, then (¢,d)*=(¢*,x)€ E and (¢,d) = (c™, y) € E for some x,
y € B, hence (¢*,0), (¢7,0) € E as above, and (¢,0) = (¢*,0) — (¢7,0) € E and
—(c,0)+ (c,d)=(0,d)€ E,proving E=C X D. O

PROPOSITION 3.13. The map C — C X B is a lattice isomorphism from €(A) onto
{E € €(G): BC E}. Thus C is a prime subgroup of A if and only if C X B is a
prime subgroup of G. In particular, C is a value of a € A if and only if C X B is a
value of (a, b) € G for any b € G. In this case C is normal in its cover C* if and only
if C X B is normal in its cover C* X B.

ProOF. The first assertion follows from Proposition 3.12, the second follows from
the fact that a convex /-subgroup is prime if and only if the convex /-subgroups
containing it form a chain, and the third and fourth assertions can be verified in
straightforward fashion. O

The following lemma is well known and quite general. We prove it here for
completeness.

LeEMMA 3.14. Suppose B and D are convex l-subgroups of an l-group G and that
D< B ThenX={g€G:|g|Ab€ED forallb€ B"} is the maximum element of
{E € €(G): EN B C D). Xisprimein G if and only if D is prime in B.

PROOF. If 0 < x,, x, € Xand 0 < b € B, then
0<bA(x;+x,)<(2b) A(b+ x,) A(x; + b) A(x, + x,)
=bAXx;+bAXx,ED.

It follows that X is a convex /-subgroup, and hence the maximum element of
{E € ¢(G): EN B C D}. Suppose now that D is prime in B, and that u, v € G
with u A v = 0. If u € X, then there is some b, € B* such that u A b, & D. Thus
for any b€ B*, u A(bV by)>uAby&D and [uA(bV by)]A[v A (bV by)]
=(uAv)A(bV by)=0imply v A (bV by) € D, meaning v AbE D orve€E X
(]

Given B € €(G)let €3(G)={X € ¢(G): XC Y€ ¥(G) implies XN BC Y
N B}.

PROPOSITION 3.15. The map D — A, X D is a one-one order preserving map from
€ (B) onto €5(G). Thus D is a prime subgroup of B if and only if A, X D is a prime
subgroup of G, and every prime subgroup E of G such that B ¢ E has the form
E = A X D for a (unique) proper prime subgroup D of B. For such a D, A, X B is
a value of (a, b) in G is and only if D is a value of bua in B.

PROOF. The fact that 4;, X D is the maximum element of { E € 4(G): EN B C
D} follows from Proposition 3.12, and the second assertion results from Lemma
3.14. Suppose now that E is a prime subgroup of G for which B ¢ E. By
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Proposition 3.12 E = C X D for D a proper prime subgroup of B and C € €(A4)
such that C < 4,. If 0 <a€ A,\ C, then a & E,so[a] Ca*C E, hence [a] C
E N B = D. But together with the fact that [a] C D since a € A4, this violates the
assumption that B # D. We conclude that C = A, and E = A, X D.

Suppose that D is a proper prime subgroup of B, and fix a € A and b € B. If D
is a value of bua in B with cover D*, then (a, b) € A, X D, and by the preceding
paragraph every E € 4(G) satisfying A, X D € E also satisfies D* C E, hence
Ap X D is a value of (0, bpa) in G. Now (0, bpa) is a component of (a, b) (because
(a,b) = (a, bva) + (0, bpa)), so A, X D is a value of (a, b) as well. Now suppose
Ap X D is a value of (a, b). It follows that a € A4, for otherwise A, X B is a prime
subgroup properly containing A, X D which nevertheless does not contain (a, b).
By convexity, (a, bva) € A, X D; hence (0, bpa) € D, and if D C E € ¢(B), then
(0, bpa) € Ay X E 2 Ap X D, meaning that D is a value of bpa. O

PROPOSITION 3.16. If D and E are prime subgroups of B such that DV E # B in
€(B), then A, = Ag.

PRrOOF. It is sufficient to establish the case in which D C E C B. Now A, X E
and A, X B are members of ¥(G) containing the prime subgroup 4, X D, and so
are related. Since B ¢ E wemusthave A, X EC A, X Bor A, C A,. O

Proposition 3.16 completes the description of I'(G) from I'(A4) and I'(B). Call a
pair of prime subgroups D and FE of B distantly related if D V E #+ B in ¥(B) and
let ((E)) = {D: E and D are distantly related prime subgroups of B}. Start with
I'(A), and attach each equivalence class (( E)) below 4, € I'(A4). (Actually, we are
cheating a bit here. In this paragraph only are we considering I'(4) to be the
partially ordered set of all (not only regular) primes of A4.) The resulting partially
ordered set is I'(G).

COROLLARY 3.17. G is normal-valued if and only if both A and B are normal-valued.

PROOF. Suppose that 4 and B are normal valued, that P is a regular prime of G
with cover P*, and that (a,b) € P*\ P.If B C P, then P = C X B for some value
C of a in A having cover C*. For any (c, b,) € P,

—(a,b) +(c,b,) +(a,b)=(-a+c+a,b,) € C*X B=P*

If B¢ P, then P = A, X D for some value D of bpa in B having value D*. Since
bpa is a component of (a, b), —(a, b) + P + (a,b) = -bpa + P + bpa. So consider
arbitrary (¢,d) € P = A, X D. Then
—(0, bpa) +(c,d) +(0, bpa) = (c, -bpao(c) + d + bpa)

= (c,-bpavco(c) +(-bpapc + d + bpapc) + bpavc),
and bpavco(c) and bpavc lie in D because [¢] C D since ¢ € 4, while (-bpapc +
d + bpapc) € D because bpapc € D* since bpa € D*. Therefore —(a,b) + P +
(a,b)Cc P*. O

Here is an example which shows that G need not lie in S when 4 and B do. Let
N be the trivially ordered set {0,1,2,...},let B = 2Z(N,Z),let A = {g € V(N,Z):
there is some m € N such that (n)g = (0)g for all n > m}, and for each a € 4 let
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o(a) be the identity /-automorphism of B and w(a)=[a]l={b€E€ B: (n)b+0
implies (n)a # 0 for all n € N} € #(B). Let a € A be the element such that
(n)a =1 for all n € N. Then no disjoint set of special elements in G can have
supremum a.

COROLLARY 3.18. G is finite-valued if and only if both A and B are.

ProoF. The set of all values of (a,b) € G is {P X B: P is a value of a in
A} U {Ap X D: D isavalueof bpa in B}, a finite set. O

We close this section by pointing out that the splitting extension developed in this
section is general enough to encompass cardinal product, lex extension, and permu-
tation wreath product.

THEOREM 3.19. Given I-groups A and B define n(A(a))=[a]=0€ F(B) for
each a € A and define o(a) to be the identity automorphism of B. Then the splitting
extension of B by A determined by m and o is (l-isomorphic to) the cardinal product
A B B.

The notion of lex extension is developed in [10].

THEOREM 3.20. Suppose o is any group homomorphism from the totally ordered
group A into the l-automorphisms of the l-group B, and suppose w(A(a)) =[a]l= B €
& (B) for all a € A. Then the splitting extension of B by A determined by = and o is a
lex extension of B by A. Conversely, if G is any I-group whose lex kernel B splits, that
is for which G = A + B for some subgroup A, then A is totally ordered and there is
some homomorphism ¢ such that G is obtained from A and B as above.

We employ the permutation wreath product notation of Chapter 5 of [13].
[1,G = {f: f: T > G} designates the cardinal product of copies of G indexed by
T. For f € 1, G we designate the component of f at index ¢ by f,.

THEOREM 3.21. Let (G,Q) and (H,T) be transitive I-permutation groups and let
B =T1,G. For h € H define [h] = w(H(h)) = {f € B: af,= a for all « € @ and
t € T such that th =t} € £ (B), and define fo(h) € B by a( fo(h)), = af,, where
s =th™* € T. Then the splitting extension of B by H determined by o and = is
l-isomorphic to G Wr H.

4. Characterizing the lattice homomorphism 7: ¢4(4) - #(B). In some im-
portant instances it is possible to completely characterize the maps 7: F4(A4) —
& (B) of Proposition 3.3. The basic insight is lattice theoretical in nature.

PROPOSITION 4.1. Suppose that D is a distributive lattice and E is a complete
Boolean algebra. If for each prime ideal P of D there is an element e, € E satisfying
property (a) below, then the map w: D — E defined by w(d) = V{ep: d &€ P} enjoys
properties (b), (c), and (d) below. Conversely, suppose w: D — E satisfies (b), (c),
and (d) and define ep = (N{w(d): d & P}) A (A{n(d)*: d € P}) for P a prime
ideal of D. Then (a) holds, and w(d) = V{ep: d &€ P} foralld € D.

(@) ep A ey = 0 for distinct prime ideals P and Q.

(b) 7 is a lattice homomorphism.
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(c) 7(0) = 0.
(d) The complete subalgebra F C E generated by w(D) is atomic.

PROOF. Suppose that for each prime ideal P C D there is an element e, € E
satisfying (a), and define #(d) = V{ep: d & P}. Let A = {ep: P a prime ideal of
D} U {A{ep : P aprimeideal of D}}, a maximal pairwise disjoint subset of E, and
let F = {VA,: A, C A}, the complete subalgebra of E generated by 4. Observe that
F is isomorphic to the Boolean algebra of subsets of A4, and that A is the set of
atoms of F. Properties (b) and (c) are immediate consequences of these observations;
to establish (d) we must show that #(D) generates F. This is done by showing that
ep = e for each prime ideal P of D, where e stands for (A{wm(d): d &€ P}) A
(AM{m(d)*: d€ P}). Now e, < e because e, is an atom of F, and if e, < e it
could only be because e, < e for some prime ideal Q # P. Butif d € Q \ P, then
eo < m(d)* while e, < m(d), and similarly for d € P\ Q. This contradiction
establishes that e, € F.

Suppose that #: D — E satisfies (b), (c), and (d) and define

ep=(A(n(d):de& P}) A(A{7(d)" :d e P})

for each prime ideal P of D. If P and Q are distinct prime ideals, then there is some
d € D such that d € P\ Q, say, and so0 e, < 7(d)* and e, < m(d), proving (a).
Now consider a particular d € D and let e = V{ep: d € P}. Clearly n(d) > e; to
show equality, consider an atom a € F such that a < n(d). Let Q = {d’ € D:
m(d’)¢d})={d €D: w(d’)* > a}, a prime ideal of D. It is straightforward to
verify that a < e, < e, from which follows 7(d) = e. DO

The prime subgroups of an /-group A correspond to the prime ideals of the
distributive lattice €4(A). Therefore the following result is an application of the
preceding one. In the following we use [a] to designate 7(A(a)).

THEOREM 4.2. Let A and B be I-groups. If to each prime subgroup P of A there
corresponds a polar B, € P(B) satisfying (a) and (b) below, then the map
€4(A) > L (B) defined by [a]l = V{Bp: a & P} enjoys properties (c), (d), and (e).
Conversely, suppose m: €4(A) — ¥ (B) satisfies (), (d), and (e), and for each prime
subgroup P of A define Bp = (N{[a]: a & P}) N (N{[a]': a € P}). Then (a) and (b)
hold, and m(a) = V{Bp: a &€ P}.

(a) Bp N B, = 0 for distinct prime subgroups P and Q.

(b) V{Bp: a & P} € #(B) for alla € A. (The supremum here is taken in P(B).)

(c) = is a lattice homomorphism.

(d) 7(0) = 0.

(e) The complete subalgebra of #(B) generated by n(€4(A)) is atomic.

LEMMA 4.3. A complete subalgebra S of a complete atomic Boolean algebra T is
itself atomic.

PROOF: Let A be the set of atoms of T, and for each a € 4 let (a) = A{s € S:
a<s}€S. Then B = {(a): a € A} is a maximal pairwise disjoint subset of T,
hence {VB,: B, C B} is a complete Boolean subalgebra of T contained in S. Since



ABOVE AND BELOW SUBGROUPS OF A LATTICE-ORDERED GROUP 25

s =V{a € A4: a < s}, it follows that s = V{(a) € B: a < s} for all s € S. There-
fore S is {VB,: B, C B} and B is the set of atoms of S. O

COROLLARY 4.4. Suppose A and B are l-groups and that B has a basis. Then any
lattice homomorphism w: €4(A) — ¥ (B) such that m(0) = 0 is of the type described
in Theorem 4.2.

PROOF. B has a basis if and only if #(B) is atomic. O

COROLLARY 4.5. Suppose A and B are I-groups such that TI'(A) is finite. Then any
lattice homomorphism w: €4(A) —» & (B) such that m(0) = O has the form described
in Theorem 4.2.

PROOF. T'(A4) is finite if and only if €4(A) is finite, in which case 7(€4(4))
generates a complete subalgebra of #(B) which is finite and so atomic. O

COROLLARY 4.6. Suppose B is any I-group and A = L. R, is a small cardinal sum of
archimedean o-groups. Then any lattice homomorphism w: €4(A) —> & (B) has the
form described in Theorem 4.2.

PrOOF. Each R, is an atom of €#(4) in the sense that it is minimal in
€4(A)\ {0}, and each element A(a) € €4(A) is a finite join of such atoms.
Therefore {7(R,): m(R,) > 0} is the set of atoms of the complete subalgebra of
P(B) generated by 7(€4(4)). O

COROLLARY 4.7. Suppose A and B are I-groups such that each positive element of B
exceeds a positive special element. Then every lattice homomorphism w: €4(A) -
& (B) such that #(0) = 0 has the form described in Theorem 4.2.

PROOF. Observe that for any special b € B* and a € 4, either b € [a] or
b € [a). Let (b) = (N{[a]: a€ A and b € [a]}) N ("{[a]: a € Aand b € [a]'}), a
nonzero element of #(B), and let C = {(b): 0 < b € B, b special}. Since each
element of B exceeds a special element, [a] = V{(b) € C: b € [a]} for each a € 4.
Therefore the complete subalgebra of #(B) generated by 7(%4(A)) is atomic, and
C is the set of its atoms. O

If B is finite-valued, then the polars B, of Theorem 4.2 are themselves cardinal
summands. To prove this it is necessary only to observe that & (B) is a complete
subalgebra of 2(B) in this case.

LEMMA 4.8. If G is finite-valued, then & (G) is a complete sublattice of #(G).

PROOF. Observe that for special 1€ G* and C € #(G), t€C or teC*.
(t=c+dforce Cand de C*, and the value P of ¢ contains exactly one of ¢
and d, say d. For every prime subgroup Q C P, ¢ ¢ P implies (t — ¢c)=d € Q, or
Q+t=Q+c For any prime Q¢ P we get t € Q, since some multiple of
q € Q\ P will exceed ¢. Therefore Q < Q + ¢ < Q + ¢ = Q in that case also. This
proves ¢ = ¢.) Suppose now that V€= D in £(B) for some ¥C ¥(B), and
consider g € G*. Then g =g, + g, + - -+ +g, for disjoint special elements g,. By
relabelling we may assume g, € U¥ for 1 < i<k and g, & U¥ for k <i<n.
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Then (g, + g, + - +g)E D and (g1 + grs2t+ - +8)EN{C*: C € ¥}
=D*. O

PROPOSITION 4.9. Suppose A and B are I-groups such that B is finite-valued, and
that m. €4(A) —> L (B) is a lattice homomorphism with w(0) = 0. Then for each
prime P of A there is a summand B, € & (B) such that B, # By, for distinct primes P
and Q, and such that [a] = X{Bp: a &€ P} for eacha € A.

The following theorem summarizes the results of this investigation as applied to
lattice orderings of semidirect products of /-groups in which the factors appear
above and below one another.

THEOREM 4.10. Suppose A and B are I-groups, and suppose the group semidirect
product G = A X B is endowed with a lattice order extending the orders on A and B. If
A lies above B, then A is maximal above B and hence is saturated, and B is maximal
below A and hence convex. Conversely, if A is saturated, B is convex, and if B satisfies
(a) or (b) below, then A lies above B. Furthermore, if A lies above B and any one of
(c), (d), (e), or (f) holds, then the lattice order on G is determined as per Theorem 4.2.

(@) B=V(T A b) forallb € B*, where T = {t € B*: t special }.

(b) £ (B) is dense in P(B).

(c) B has a basis.

(d) T'(A) is finite.

(e) A is a cardinal sum of archimedean o-groups.

(f) Each positive element of B exceeds a positive special element.

PrOOF. The subgroup 4 is maximal with respect to 4 N B = 0, and so is maximal
above B whenever it lies above B. In this case 4 must be saturated and B convex by
Theorem 1.6. The converse is Proposition 1.12. The last assertion has been estab-
lished in the preceding corollaries. O

As an example of Theorem 4.10 consider an /-group G which is a splitting
extension of the /-ideal B by the saturated /-subgroup A4, where B is /l-isomorphic to
¥’ _,Z, and A is divisible. Since the group of /-automorphisms of B is the group of
permutations on n elements and since any homomorphic image of A is divisible, G
is the group direct product of 4 and B. Furthermore, B lies below A, and the order
on G is given by assigning a cardinal summand of B to each prime of A as in
Theorem 4.2.

5. I-groups in which each maximal below subgroup splits. Let S, (S,) be the class of
l-groups G such that if B is a maximal below subgroup of G, then G = 4 + B for
some subgroup (every subgroup) A maximal above B. We shall show that these
classes are closed with respect to convex [-subgroups, cardinal sums, and cardinal
products.

LEMMA 5.1. Suppose (A, B) is a maximal above and below pair of G = G, B G,.
Then B=(BNG,)B(BNG,)andA=(ANG)B(ANG,),s0o(ANG,BN
G,) is a maximal above and below pair in G, fori =1, 2.
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PrROOF. 0 < b € B implies b = b, + b, for unique b, € G,, and b;, b, >0
because the order on G is the lattice product of the orders on the G,’s. Therefore b,,
b, € B by convexity, meaning B = (BN G,)B (BN G,). Likewise 0 <a € 4
implies a = a, + a, for unique a, € G,, and the a,’s are components of a, again by
virtue of the order on G. Then a,, a, € 4 because 4 is saturated by Theorem 1.6, so
that 4 = (4 N G,)) B (4 N G,).

It is clear from Proposition 1.4 that 4 N G, lies below B N G, in G;. If C is
maximal among those convex /-subgroups of G; which contain 4 N G, and lie
below B N G,, then C B (B N G,) lies below 4, hence C =4 N G,. A similar
argument shows that 4 N G, is maximal among /-subgroups of G, above B N G,.
O

PrROPOSITION 5.2. IfG € S, and C € ¥(G), thenC € S,, n =1, 2.

PROOF. Suppose G € S,, C € ¢(G), and B is maximal below 4 in C. Find
B, € ¥(G) maximal among those convex /-subgroups of G containing B and lying
below A. Note that B; N C lies below 4 in C, hence B; N C = B. Now find 4,
maximal among /-subgroups of G above B, such that G = 4, + B,. By Proposition
3.12 C = (4, N C) + B, proving C € S,. The argument for G € S, is similar. O

PROPOSITION 5.3. The following are equivalent for any set {G,: A € A} of I-groups.
(@) G, €S, forall A € A.
(b)XG, €S,
©IlG, €8,
These conditions remain equivalent if S, is replaced by S,.

PROOF. Proposition 5.2 provides the implication from (c) to (b) to (a). Suppose
that G, € S, for all A € A and let B be maximal below 4 in [1G,. We may without
loss of generality assume that A4 is maximal above B, so that by Lemma 5.1 B N G,
is maximal below 4 N G, in G, for each A € A. For each A € A choose 4,
maximal above B N G, such that G, = (B N G,) + A4,, and let 4, = {f€14,:
Afe€ A, for all A € A}. The componentwise nature of the operations on [1G,
makes it clear that 4, lies above B and that 4, + B = [1G,. The argument for S, is
similar. O

PROPOSITION 5.4. If G is an archimedean I-group, then G € S, if and only if
G € S, if and only if G is projectable.

PROOF. In an archimedean /-group the only maximal above and below pairs are
complementary polars. O

The most general condition sufficient for membership in S, is given by Theorem
6.18 below, which we state here. Its proof in §6 depends on none of the intervening
material.

THEOREM 5.5. A divisible abelian sup % complete I-group lies in S,.

In the following proposition let F(I',R) denote { g € V(I',R): {y € I': (y)g # 0}
admits only finite disjoint subsets} [9]. Observe that 2 < F < V.
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PROPOSITION 5.6. For any root system I', Z(I',R)e S,, F(I,R)€ S,, and
V(I,R) € S,; furthermore 2(I',R) € S, and F(T',R) € S, whenever T satisfies the
Dcc.

PROOF. The fact that V(I',R) € S, is a consequence of Theorem 5.5. To see that
Z(T',R) € S, consider B € ¥(Z). Let A = {ge€ =: yg =0 for all y € I'(B)}, an
I-subgroup which lies above B by Proposition 1.4. Since B = {g € Z: yg = 0 for all
y € I'(B)}, A + B = Z. The proof that F € S, is analogous. Now suppose I' has
the DCC and that (A4, B) is a maximal above and below pair in F. (The argument
that 2 € S, is analogous.) Suppose for contradiction that g € F\ (4 + B). At
least one of the (finitely many) special components of g—say g,—fails to lie in
A + B. Let vy, be the value of g;. Corollary 1.11 provides a € 4 such that g, — a
has a value in T'(B). This implies that one of the special components of a—say
a,—has value vy, and that (y,)a; = (v,)g8;- Now a; € 4 because A4 is saturated, so
g, —a, € A+ B. Let g, be one of the special components of g; — a; such that
g, € A + B, and let v, be its value. Observe that y, < y;. But a continuation of this
argument produces an infinite descending chain in T, contrary to the DCC. O

The following example makes several points, the first being that Z(I', R) need not
lie in S, in general. Let I be A U A, where A(A) = {0" (0"1): n=1, 2, 3,...}.
Here 0" (0"1) refers to the string of n zeros (followed by a single 1). Order T’ by
declaring « > B whenever B = ay for some y € I (where ay is the string formed
by concatenating the a and y strings). Let B = {g€ Z(I,R): I'(g) € A} and
define a, € Z by

(v)a, = {1 if y=10",0",0r0"*",
g 0 otherwise.

Let A be the I-subspace of the vector lattice = generated by {a,: n =1,2,3,...}.
Then A lies above B by Proposition 1.4 since I'(4) C A, and in fact (4, B) is a
maximal above and below pair by Corollary 1.11. Yet 4 + B is proper in X, since
the latter fails to contain the element g € = defined by

(v)g= {

1 ify=0,
0 otherwise.

A finite-valued vector lattice need not belong to S,. Let I' have the meaning
above. In his thesis [8], Byrd showed that Z(I',R) has an uncountable number of
pairwise non-/-isomorphic a-closures in the class of abelian /-groups, each of which
is a vector lattice G which may be taken to satisfy 2(I',R) < G < V(I',R). (See
Chapter 4 of [9] for additional background.) We will show that exactly one of these
a-closures lies in S;. Now if B has the meaning above then it is still maximal below
A in G; therefore if G € S, then there must be some /-subgroup 4, above B in G
such that G = 4, + B. The map 8: A, — V(I',R) defined by

ifyeA,
ifyeA,

(no(a) - { {1
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is an /-monomorphism and so it can be extended to an /~-monomorphism b: G-V,
which must be the identity on B. (See Theorem 3.3 of [12].) Since GO < F(T,R) =
{g € V: {y € A: (v)g # 0} finite} and since F is an a-extension of Z, it follows
that G is /-isomorphic to F.

COROLLARY 5.7. A finite-valued vector lattice G of countable dimension belongs to
Sl-

PROOF. G is l-isomorphic to =(T', R) for a suitable choice of I' [9]. O

PROPOSITION 5.8. A totally ordered group G belongs to S, if and only if each convex
subgroup splits. That is, for each B € €(G) there is some subgroup A such that
A+ B=0G.

PROOF. Suppose G € S,. Each regular subgroup of G is maximal below by
Proposition 2.3 and so splits. In particular, each regular subgroup and hence each
convex subgroup is normal. Given B € ¢(G) choose a, € G\ G, for each regular
G, such that G, 2 B. Then B is maximal below the subgroup A generated by the
a.’s. The converse is obvious. O

PROPOSITION 5.9. Suppose G € S,. If (A,, B) and (A,, B) are maximal above
and below pairs in G, then A, is l-isomorphic to A,.

PROOF. Both 4, and 4, are l-isomorphic to G/B. O

Does Proposition 5.9 hold even when G does not lie in S,? The authors know of
no counterexample to this conjecture. However, the following example provides
counterexamples to several closely related conjectures. Let I' = {a,, a,, b, b,},
ordered by declaring a; > b;, and let B = V(I',Z). Let A be Z, w(A(a)) = [a]l=B
€ % (B) for all 0 # a € 4, and let o(1) be the /-automorphism of B defined by
(x)(ga(1)) = (¥(x))g, where Y (a,) = a,, ¥(a,) = a,, ¥(b,) = b,, and Y(b,) = b,.
Let G be the splitting extension of B by 4 determined by 7 and o. G is a Scrimger
group [15] and so normal-valued, and its elements can be naturally represented in

the form
m
n; n,

P )2)

for integers m, n;, and p,. Using this notationlet 4, = {g€ G: m=n; =p, =p,
=0}, A4,={g€G: meven, ny=p,=p,=0}, 4;={g€G: p,=p, =0},
B,={geG:m=n=n,=p,=0}, B,={g€G: m=n,=0},and B, = (g
€ G: m = n; = n, = 0}. Observe that B, lies below 4,, that B, is maximal with
respect to containing B; and lying below A4,, that 4, is maximal with respect to
containing A4, and lying above B,, that 4, is maximal with respect to containing A,
and lying above B,, and that B, is maximal with respect to containing B; and lying
below A4,. The point is that A4, is not /-isomorphic to 4;, B, is not l-isomorphic to
B,, and that A, + B, is not [-isomorphic to A; + B;.
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6. Abelian /-groups G which split off from below in every abelian extension in
which G is a convex /-subgroup. Suppose G is a convex /-subgroup of the /-group H.
We say G splits off from below in H if H = U + G for every /-subgroup U < H such
that U is maximal above G. The subject of this section is a characterization of those
abelian /-groups G which split off from below in every abelian /-group having G as a
convex /-subgroup (Theorem 6.16). If G has this property we shall sometimes simply
say that G splits off from below. The following lemma is useful; it is Lemma 5.6 of

(2].

LEMMA 6.1. Suppose X is a subset and g an element of G such that g > X. Then X is
type % and VX = yifandonly if V{(y — x)*: x € X} = 1.

An [-group G which splits off from below is closed in every /-group H in which G
is a convex /-subgroup. The latter property depends on the possession by G of a
supremum for each subset of the following type. Let us call a subset X C G type &
if X istype # and if V(X A g) exists in G for all g € G. G is sup & complete if
every type & subset of G possesses a supremum in G.

PROPOSITION 6.2. If G is sup & complete, then G is closed in every I-group H in
which G is a convex l-subgroup.

PROOF. Suppose VX = h € H for X = G*A h € G*. We first claim that X is a
type &% subset of H*. Lemma 6.1 is enough to show V. y(h — x)* = 14 in the
Boolean algebra £ of polars of H. For this purpose consider 0 < g € H; we shall
prove that g & (h — x)* * for some x € X. Since G* * is closed in H it follows
that » € G* *, which allows us to consider only the case in which g € G. Because
VX = h, there must be some x € X with x £ ~-g+horg+ x & h. Let x' = (g +
x)Ahe X; weclaim g& (h—x)**.ForhV (g+ x)>h implies0 < (h V (g
+x)—-h=0VvV(g+x—h)=g' <g,and(h—x)Ag =0V (h—x—g]A
[0V (g+x—h)]=0V (-h— x— g)=0. This completes the proof that X is a
type % subset of H. Since G is convex in H, intersection provides a one-one
correspondence from {P € #|P C G* *} onto the set of polars of G, from which
easily follows that X is a type % subset of G. X is actually type Z, since by
convexity V(X A g)=(VX)Ag=h A ge G for any g€ G. Since G is sup &
complete there is some 7 such that VX = € G. But then 0 < 4 <t implies by
convexity that h € G. O

COROLLARY 6.3. If G is sup % complete, then it is closed in any I-group in which it is
a convex l-subgroup.

THEOREM 6.4. An abelian l-group G is closed in every I-group in which it is a convex
l-subgroup if and only if it is sup Z complete.

PROOF. Let G, be the sup # completion of G [1] and suppose X C G* is a type &
set with VX = t € G4\ G, and let W be the /-subgroup of G4 generated by G and ¢.
We shall prove that G is convex but not order closed in W. For this purpose we shall
adopt the following terminology for this proof and the next one only. An element
s € G will be admissible if sm0g € G for all 0 < g € G, where mab: G4 — [a, b] is
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the lattice homomorphism defined by xmab = (x V a) A b. Observe that G is sup &
complete if and only if it contains each admissible element of G4. However, the set
of admissible elements is not closed under addition in general.

The first claim is that if 0 < u, v € G, are admissible, then so is u + v. This is
true because

(u+v)r0g=(u+v)rg=(u+v)A(g+o)A(u+g)A(g+tg)Nrg
=(ung+uvArg)Ag=(unOg+ vr0g)nm0g € G.

Therefore nt is admissible for all positive integers n. The second claim is that if
0 < u € Gy is admissible, then umab € G for all a < b in G. This is true because

umab = (uwab)* +(umab) ™ = uma*b*+ b= un0b*V a*+ b~ € G.

The third claim is that if 0 < u € G, is admissible, then (k + u)mab € G for all k,
a, b € G with a < b. This holds because

(k+u)mab =k +[(u V(-k V a)) A(=k V b)],

the latter term being in G by the second claim. The fourth and final claim is that if
0 < u € Gy is admissible, then

(k — u)mab = (-(~k + u))mab = —[(-k + u)7(-b)(-a)] € G

forall k, a, b € G with a < b.

To complete the proof of the theorem consider an arbitrary w € W. w has the
form Vi_; AT_\(k;; + n;;t) for k,; € G and integers n,;. The claims show each
k;; + n;;t to be admissible, and hence w is admissible. Therefore G is convex in W.

However, G is clearly not order closed because VX = r € W\ G. O

COROLLARY 6.5. Given any abelian I-group G there is an abelian I-group H in which
G is an order dense convex l-subgroup and such that H is closed in any I-group
containing H as a convex I-subgroup.

PrROOF. Let G, = G. Having defined G,, define G, to be G, if G, is sup &
complete, otherwise let G,,, be an /-subgroup of G, generated by G, and some
admissible 0 < t € G4\ G. Take unions at limit ordinals, and let H = G, for the
least ordinal « such that G, = G, ,. The proof of Theorem 6.4 shows that G is a
convex /-subgroup of H. O

It seems quite unlikely that the /-group H of the preceding corollary is unique. The
general question is open: which /-groups admit unique 2 hulls?

Those abelian /-groups G which split off from below in every abelian /-group
having G as a convex l-subgroup can be characterized by the possession of three
properties (Theorem 6.16). One of these properties is divisibility.

PROPOSITION 6.6. If an abelian l-group G splits off from below in every lex
extension, then G is divisible.

PROOF. Let G? be the divisible hull of G and suppose p is the least positive
integer such that px € G for some 0 < x € G?\ G. Consider the lexicographic
product Z X G¢ determined by letting a(n) be the identity l-automorphism on G*¢
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and w(n) =[n] = G for each n € Z. Let H be the [-subgroup consisting of all
pairs of the form (pi + j,a + jx), where i, j € Z and a € G. Such pairs form an
l-subgroup because ( pi + j,a + jx) Vv (0,0) is either (pi + j, a + jx) in case pi + j
> 0, or is (0,0) in case pi +j < 0, oris (0,(a — i(px)) VO)incase pi + j=0. H
has (a copy of) G as the convex /-subgroup 0 + G. Let U = {(pi,a)|i € Z}, an
I-subgroup of H above G. To show that U is maximal above G consider an arbitrary
0<h=(pi+j,a+jx)e H\ Uandlet V be the I-subgroup of H generated by U
and h. We may assume 0 < j < p, and by subtracting ( pi,0) € U we may assume
h=(j,a+ jx). If j=0 then a # 0, so A itself has a value in I'(G), and if j > 0
then ph — (pj,0) = (0, pa + j( px)) € V which also has a value in I'(G) since
0 # pa + j(px) € G. This proves U maximal above G, which proves the theorem
since U + G fails to contain (1, x), among others. O

Another characteristic of an abelian /-group G which splits off from below is the
summand sewing property or SSP. Given a collection % of summands of G, a map 6:
& — G is said to be consistent if S§ — R € (S N R)* forall S, R € &. G has the
summand sewing property if for every consistent §: ¥ — G there is some g € G
such that g — S8 € S+ for all S €. #. Observe that such g € G must always exist
for finite .. Also note that g need not be unique. Finally, observe that it is enough
to consider consistent maps §: & — G™.

The definition of the SSP just given bears close resemblance to the definition of
orthocompleteness given in [2], and in fact this resemblance can be converted with
little difficulty to a proof that orthocompleteness implies the SSP. Thus every
l-group is order dense in an /-group which enjoys the SSP.

PROPOSITION 6.7. If G is sup ¥ complete, then G has the SSP.

PROOEF. Suppose §: ¥ — G* is a consistent map. For each S € & let g4 € G be
the projection of S@ on S, and let X be {gs|S € & }. The fact that (X — gg)™
U(-gs + X)*c S for all S €% demonstrates that X is a type % set and that
VX = g exists in G. But it can readily be shown that g — S € S+ for all § €. %.
O

PROPOSITION 6.8. An abelian I-group G which splits off from below in every abelian
I-group in which it is maximal below must have the SSP.

PROOF. Let = {S,: A € A} be a set of summands of G and §: > G* a
consistent map which denies the SSP. Let G be the orthocompletion of G and
choose ¢ € G such that ¢t — S,0 € S;* for all A € A. Let [1Z, and YZ, designate as
usual the large and small cardinal products of the integers Z over the index set A.
Designate by ¢ € [1Z the element defined by Ac =1 for all A € A, and let

= {nc+s€llZ: n€Z, s € XL}, an l-subgroup of [1Z. Define 7: €4(A4) -
&#(G) by declaring 7(A(a)) = [a] = V{S\: A € supp(a)}, where §, =S*¢€
& (G). Observe that for any a € 4, _supp(a) is a finite or cofinite subset of A and so
V{S: A e supp(a)} exists in #(G). Let o be the map which assigns the identity
l-automorphism of G to each a € 4, and let K be the splitting extension of G by 4
determined by o and «. Finally, let H be {(nc + s,nt + g)€ K: n€ Z, s € YZ,
gEe G}
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We first claim that H is an l-subgroup of K. To verify this claim we must succeed
in showing (nc + s, nt + g) v (0,0) lies in H. If n = 0 then supp(nc + s) = supp(s)
is finite, and (s,g)V (0,0)=(s VvV 0,g'), where g’ =gV 0+ X{gy: A€
supp(s*)} — Z{gx: A € supp(s7)} € G. Here g, designates the element of S, such
that g — g, € Syt . If n > 0 then supp(nc + s) is cofinite, supp((nc + s)7) is finite,
and

(nc+s,nt +g) v(0,0) = ((nc +s) v0,g),

where
g =g— 2 {(nty+gy) : N&supp(nc + s)}
~Y{(ny+g): A€ supp((nc +s)”)} €G.

Here ¢, is the unique element of S, such that S\# — t, € Sy". The case in which
n < 0 is handled similarly.

Let U = {(u,0): u € £Z}, an [-subgroup of H which lies above G. To show that
U is maximal above G consider h = (nc + u,nt + g) € H\ U and let W be the
I-subgroup of H generated by U U {h}. Now for each A € A there is an element
u, € XZ such that (\) (nc + u + uy) = 0. Therefore nt, + g, € G is a component
of h + (uy,0) € W. Now if nty + g, = 0 for all A, then nt + g € S3* for all A,
hence t — f€ S for all A, where f is the element proven to exist in G by
Proposition 6.6 such that n(-f) = g. This contradicts the assumption that § violates
the SSP and proves that nt, + g, # 0 for some A € A. But then (W) N I'(G) # 2,
proving that U is maximal above G. This proves the theorem since U + G fails to
contain (¢, t) € H, among others. O

Suppose P is a polar of the /-group G. We shall say that a set X C G* is of type
W (P) if X is type %, X C P*, and for every 0 < g € G there is some element
g’ € G satisfying the following three conditions: g — g’ € P, X A g < g’, and
PcV{(g'—xAg)t: x e X} Weshall call G sup # complete if VX exists in G
for every polar P and every X C G* of type # (P). Several comments deserve
mention here. Though we shall not prove it, the element g’ asserted to exist by the
definition is unique for each 0 < g € G, and in fact 0 < g’ < g in all cases. Also,
not every type # ' (P) set X is type £, nor is every type 2 set Y necessarily type
# (P). For example, take G = C[-1,1], the /-group of continuous real-valued
functions on the interval [-1,1], let P = {g € G|supp(g) € (0,1)}, let X = {g €
P*|(r)g<1/r, re(0,1)}, and let Y= {ge P"|(r)g<r/(A—r), r€(0,1)}.
Nevertheless, the notions of type 2 set and type # (P) set coincide for summands
P.

PROPOSITION 6.9. Suppose P is a summand of the l-group G. A set X C P* is of
type W (P) if and only if X is type Z in P.

PROOF. Suppose X is of type # (P). Then X is type # in G and therefore also in
P. Consider 0 < p € P, and let p’ be the element provided by the definition of X
being type " (P). Then p’ € P because p — p’ € P, X A p < p’, and

\/{(p’—x/\p)l:xeX}=1£,
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where £ is the polar algebra of P. By Lemma 6.1 V(X A p) = p’ € P, meaning that
X is type Z in P.

Now suppose X is type & in P. Then V{(X —x)V0)*: x€ X} =1, and
X € P imply V((X — x) vV 0)* = 1, where & is the polar algebra of G, meaning X
istype # in G. Given0 < g€ G let g=y + z, where y € P and z € P+, and let
g =w+ z, where w= V(X A y) exists in P because X is type & in P. Then
g—g =y—weP and XAg=XA(y+tz)sXAy+tzgsw+z=g" To
show P C V{(g' — x A g)*: x € X} in £ first observe that (x; A y) —x A y)*<
(x, — x)* for x;, x € X, from which follows V{(X Ay —xAy)V0)*: x € X}
= 1,. A similar argument shows V((-x Ay + X A y) V0)* =15, and so X A y is
type #. By Lemma 6.1 V(w — x A y)* = 1,, from which follows V(g’ — x A g)*
2P O

COROLLARY 6.10. X C G* is of type # (G) if and only if X is type &

COROLLARY 6.11. If G is sup W complete, then every summand is sup & complete.
If G is projectable and every polar is sup & complete, then G is sup W~ complete.

LEMMA 6.12. Suppose P is a polar of the I-group G, and that X, Y C P~ are sets of
type W (P). Then X + Y is of type W (P).

PrOOF. First we must show X + Y to be type #. We know that VX = x, € G4
and VY = y, € Gy, hence by Lemma 6.1 and its analogue V{(y, —y)*: y€ Y} =
V{(-x + x4)*: x € X} = 1,. It follows that

lg,,=\/<((y0—y)l N(-x +x0)l): xXEX, y€E Y}

= V(()’O —y)V(-x+ xo))l= V((J"o —y) +(-x+ xo))l .

Upon conjugation by x, we obtain V((xq + y,) — (x + y))* = 15, which proves
X + Y to be type ¥ in G, by Lemma 6.1. By Proposition 5.16 of [1], X + Y is also
type # in the order dense /-subgroup G.

Now consider 0 < g € G and let g, and g, be the elements of G provided by the
type # (P) property of X and Y, respectively. Let g’ = (g, + g,) A g Then
O<g—g'=(g—gy—gx)+<(g—gy)*eP,sog—g'eP.AndforxeXand
yeEY, (x+y)Ag<(xAg)+(yAg)<g,+g, whichimplies(X + Y) A g <
g’. Finally, to show P c V{(g' — (x + y)Ag)*: x € X, y € Y} consider 0, # T}
C P. Choose x € X such that 05 # (g, — x A g)* NT; = T,. The fact that x € P
implies 0, # —x + T, + x C P, hence there must be some y € Y such that 05 #
(8, — ¥ A g*N(-x+ T, + x) =T, Note that Op # x + T; — x £ T,. We claim
x+ T, —xC (g —(x+y)Ag)*. Forif not then there is some r € x + T3 — x
such that 0 <r< g’ —(x+y)Ag Let Q be a value of r, and observe that
Q+(x+y)Ag<Q+ (g, +g)Ng Sincere(g,—xAy)*\Q, Q+g. =0
+xApIfQ+g<Q+x,thenQ+g =0Q0+gandQ+(x+y)Ag=0+g
= Q + (g, + 8,) A g a contradiction. Therefore Q + g, = Q0 +x < Q +g. Now
—x+r+xE(gy—yAg)l\R impliesR+gy=R+y/\g,whereR=—x+Q
+x. If R+y<R+g weget R+g,=R+y, which gives the contradiction
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Q+gx+gy=Q+x+y.IfR+y>R+g,thenR+gy=R+g,soQ+x+y
>Q+x+g>Q+g and Q+g, +g,=0+x+g,=0+x+g>0+g,
and we again have the contradiction Q + (x + y)Ag=0+g=0 + (g, + g) A
g. O

Theorem 6.14 is important and explains the significance of type #°( P) subsets for
our purposes. For its proof it is helpful to recast the definition of such sets slightly in
Lemma 6.13, which in turn requires some terminology. Given an element g and
polar P of G we call h the projection of gon P if h € P and g — h € P*. h need
not exist, but when it does we write h as gvP. This terminology extends the use of »
in previous sections in the sense that bva there could also be written bv[a] here.

LEMMA 6.13. Suppose X C G* and P € P. Then X is of type W (P) if and only if
there is an element t € G satisfying the following conditions.

(A XstepPtt,

®V{(—x)t:xe X} =1,

(c)(g—t)*'vPe Gforallg € G".

PROOF. Suppose X is of type #'(P); since X is type & there is some element
t € Gy such that VX =1, and t € P** because P+ * is a closed convex I/-sub-
group of Gg. By Lemma 6.1, V(¢ — x)* = 1,. Given g € G* find g’ € G such that
g—g'€Pand PC V(g —xAy)*. Weclaim g — g’ = (g — t)"vP, for which
we must prove

(8—1)"-(g-g)=(g-1)v0+g —¢g
=(g'—-t)v(g'—g)=g —tAgeP".
If not then PN (g —tAg)t+=R, #0p and so (g —x; Ag)* NR, =R, #
0, for some x; € X, hence (1 — x,)* NR, # 0y for some x, € X. Note that
tAg=x, Ag=((1—x) A(g—x)) V((t—g) AO) <t =Xy,

so (tAg—x,Ag*NR,+0. By replacing x, and x, by x = x; V x, we get

(8 —xAg)tNn(tAg—xAg)-N(g —tAg)*t*+ 0z But this is a contradic-
tion since

(g—xAg)'n(trg—xng)c(g—xng—(tAg—xnrg)"

=(g-tng)".

Conversely suppose X and ¢ satisfy conditions (a), (b), and (c). Then X is type %,
VX =t by Lemma 61, and XCP**NG=P. Given g€ G* let g’ =
—(g—1t)*vP+ge G.Then g— g =(g—t)"vP € P. To show X A g < g’ con-
sider an x € X and arbitrary prime Q such that Q < Q + x A g. Since P € Q it
follows that (g — t)*vP+€ P+ C Q, hence

0+g'=0-(g-1)"vP+g=0-(g—1)"+¢
=Q0=tAg>0+x+g.
To show PC V{(g'—x A g)*: x € X} consider 0, # RC P and find x € X

such that (f — x)* NR # 0p. We claim (1 — x)* NP S (8" — x A g)* NP. For if
not there is some 0 <p € (t —x)* NP such that p<g’'—x A g Let Q be a
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value of p. Again P ¢ Q implies (g — t)*vP+€ P+ C Q,s0
Q+xAg<Q0+g=0-(g—t)"vP+g

=Q0-(g-1)"+g=Q+1nrg

But pA(t—x)=0implieszt—x€ QorQ+t=Q+x,hence Q+xAg=0
+ ¢t A g, acontradiction. O

If X C G* is of type #'(P) and VX = t € Gy, then G need not be convex in the
l-subgroup (G U {t}) < Gg. The following theorem asserts, however, that ¢ must
be the projection on P of an element & in an extension H in which G is a convex
l-subgroup. In the statement of this theorem V{(h — x)*: x € X'} refers to the
supremum in the Boolean algebra £ of polars of H.

THEOREM 6.14. Suppose G is an abelian I-group with polar P and subset X C G™.
Then X is of type W (P) if and only if there is an I-group H and element 0 < h € H
such that G is a convex l-subgroup of H, h > X C P, and

(G—H)+§PQV{(h—x)l:xEX}.

PROOF. Suppose G is a convex /-subgroup of an /-group H as above. To prove
that X is of type ¥ consider T # Oy; we seek x € X such that (X — x) Vv 0)* NT
# 0,. If T ¢ P we are-done, for (X — x) V0)* 2 P+ for every x € X. Assuming
T C P, find x € X such that TN (h — x)* # 0. Since (x;, — x) VO < h — x for
all x; € X, it follows that (X — x) V0)* NT # 0p. To prove that X is of type
W (P) consider an arbitrary 0 < g € G and let g’ = h A g, an element of G by
virtue of the convexity of G in H. Then g — g’ = (g — h)*€ P by hypothesis, and
X A g<hA g=g'. Todemonstrate that P € V{(g' — x A g)*: x € X} consider
0p# T C P and find x € X such that (h — x)* NT # 0. Since

O<hAag—xAg=((h-g)A(g-x))V((h-g)A0)<h—x,
it follows that (g’ — x A g)* NT # Og.

Suppose X is of type #'(P). Let K be Z X G, the splitting extension of the
orthocompletion G of G by the integers Z determined by defining a(n) to be the
identity /-automorphism on G and 7(n) = [n]= P* € P(G)forall0 # n e Z Let
VX =1 € G and let H be the subgroup {(n,nt + g): n € Z, g € G}. We claim
that H is an l-subgroup of K, the proof of which requires showing (n,nt + g) v
(0,0) € H for all n € Z and g € G. Consider first the case in which n > 0. By
Lemma 3.9

(n,nt +g)Vv(0,0)=(n,(nt + g)wn +(nt+g)" pn)

(
(n,nt+g—(nt+g) pn)
(n,nt+g+(-g—nt)" pn)

(n,nt+g+((-g)" - nt)+vP).
The point is that by Lemma 6.12 nX = {¥/_,x;: x; € X} is type # (P) with
supremum nt, and ((-g)*— nt)*»P exists in G by Lemma 6.13. Therefore (n, nt +
g) Vv (0,0) € H in this case. In case n = 0 we have

(0,g) v(0,0)=(0,g v 0) € H,
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and in case n < 0 we have
(n,nt +g) v (0,0) = (0,(nt + g) " un) = (0,(nt +g)" vP)
=(0,(g*—(-n)t) " vP).
As before, kX = {X¥ ,x: x,€ X} is type #°(P) with supremum k¢, where
k = -n, and so (g*— kt)vP € G by Lemma 6.13. This completes the proof that H
is an /-subgroup of K, and G is clearly convex in H.

Let h = (1,t) € H; we must verify that (G — h)*Cc PC V{(h—x)*: x € X}.
Now for any g € G,

(g—h)"'=(-1,g-1)Vv(0,0)=(0,(g— )" »P)=(0,(g*— ) vP) € P.

To show P C V(h— x)* consider 0p# R C P, then find x € X such that
(t—x)*NR + 0z For0 <pe RN (- x)* wehave

pA(h=x)=(0,p) A(L,t = x)=(0,(t = x) Ap) = (0,0).
This completes the proof. O

PROPOSITION 6.15. An abelian I-group G which splits off from below in every abelian
l-group in which it is a convex l-subgroup must be sup W complete. In this case any
polar P which admits a type % (P) subset is a cardinal summand.

PROOF. Suppose P is a polar and X a type # (P) subset of G and construct H
with element A as in the proof of Theorem 6.14. Suppose for contradiction that
VX =t € G\G. We claim {0} is maximal above G. Now an arbitrary element of
H*\ G has the form nh + g = (n,nt + g) for 0 <n € Z and g € G. Note that
(nt + g)vP = nt + gvP # 0 in G, for otherwise 0 < ¢ < nt < |g| implies ¢ € G. By
Proposition 3.15 (n,nt + g) has a value in I'(G), hence G does not lie below
{(n,nt + g)). This proves the claim, and since the claim directly violates the
hypothesis of the proposition, we can only conclude that ¢t € G, or that G is sup #~
complete.

Observe that & — ¢t = (1,0) lies above G, and that H(h— )N G=P™*, so
P € &#(G) by Proposition1.1. O

We have arrived at last at the main theorem.

THEOREM 6.16. An abelian I-group G splits off from below in every abelian I-group in
which it is a convex l-subgroup if and only if G is divisible, sup W~ complete, and has
the SSP.

PROOF. Suppose G has the three listed properties and is a convex /-subgroup of
the abelian /-group H. Let U be an /-subgroup of H maximal above G, and consider
an arbitrary 0 < h € H. We shall produce an element g € G such that h — g € U.
All polar computations will be done in 2, the Boolean algebra of polars of H.

For each u € U and positive integer n let

P(n,u)=P=V{((g—|nh—u|)v0)ll:geG*},
X,=P*A(nh—u)”, and X,=P*A(u—nh)".
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We claim P € V{((nh — u)*— x,)*: x, € X,}. To verify this consider 0, # T C P
and find0 < g € G suchthat((g — |nh — u)) V0O)* +* NT # Op, thenfind0 <t € T
with 1 < (g — |nh — u)*< (g — (nh —u)*)*.Let x, = g A (nh — u)*€ X,. Then

tA((nh—u) = x))=tA((nh—u)"—g) =0,

proving the claim. By Theorem 6.14 X;, and analogously X, are of type #°(P), so
by Proposition 6.15 there are elements a, b € G with VX, = a and VX, = b, and
P(n,u) is a summand. By the divisibility of G there is some g(n,u) € G such that
ng(n,u)=a — b.

We claim n(h — g(n,u)) — u lies above G. To see this, first observe that
(nh —u)*—a€ P* and (nh —u)"— b€ P+, hence n(h — g(n,u))—uecs P*.
If there were some prime Q and element g € G such that Q < Q + |n(h — g(n, u))
—u| < Q + g, then

Q +[nh = ul ~[ng(n,u)| < Q +|n(h — g(n.u) —ul< 0 +g,

so Q + |nh — u| < Q + g + |ng(n,u)|, meaning ((g + |ng(n,u)|) — |nh — u) v O is
an element of P\ Q. Therefore nh — u — ng(n,u) € P+ C Q, contradicting Q < Q
+ n(h — g(n,u)) - ul.

We claim the map 6 which takes each P(n,u) to g(n, u) is consistent. That is,
g(n,u) — g(m,v) € [P(n,u) N P(m,v)]* for all 4, v € U and positive integers m
and n. For if not there is some prime Q of G such that Q + g(n,u) # Q + g(m,v)
and Q 2 P(n,u) N\ P(m,v). We have seen in the previous paragraph that
n(h — g(n,u)) — uand m(h — g(m v)) — v liein P+ . Therefore Q + nh —u= Q
+ ng(n,u) and Q + mh — v = Q + mg(m,v), where Q is the unique prime sub-
group of H whose intersection with G is Q. Thus

Q + mn(g(m,v) —g(n,u)) = Q +((mnh — nv) —(mnh — mu))
= Q +(mu — nv).

It cannot be that mu — nv € U fails to lie in é, since in this case the value of
mu — nv containing Q would correspond to the value of mn(g(m,v) — g(n,u))
containing Q, and mu — nv would have a value in I'(G) contrary to the assumption
that U lies above G. But then O + g(n,u) = Q + g(m,v), contrary to the assump-
tion that Q + g(n,u) # Q + g(m,v). This completes the proof that 8 is consistent.

Let g € G result from applying the SSP to 8; explicitly, g — g(n,u) € P(n,u)*
for all u and all n. If h — g & U, then by Proposition 1.9 there is some u € U and
positive integer n such that n(h — g) — u has value Q in I'(G). Let 0 <k € G
satisfy Q + k> Q + |n(h — g) — u|. Since Q + (k + ng) > Q + (nh + u) and Q
+ (k — ng) > Q + (u — nh) it follows that Q + (k + |ng|) > Q + |nh — u|, that is
(k + |ng| — |nh — u))*€ P(n,u)\ Q. Since Q 2 P(n,u), g — g(n,u) € P(n,u)*
C R for all prime subgroups R C Q. Therefore

R+(n(h—g)—u)=R+(n(h—g(n,u)—u))

for all prime subgroups R C Q, and in particular, n(h — g(n,u)) — u has vaiuc
Q € T'(G). This contradicts the fact that n(h — g(n, u)) — u lies above G. O
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COROLLARY 6.17. A divisible abelian I-group which is sup % complete splits off from
below in every abelian I-group in which it is a convex l-subgroup.

THEOREM 6.18. Suppose G is a divisible abelian sup % complete I-group. Then a
convex I-subgroup L splits off from below in G if and only if L is maximal below if and
only if L is closed.

PROOF. Given a closed convex [-subgroup L, we observe that each type % subset
X C L* remains type % in G. Therefore L is sup % complete and divisible. O

COROLLARY 6.19. The maximal below Il-subgroups of a divisible abelian sup ¥
complete l-group form a lattice under the inclusion order.

COROLLARY 6.20. Suppose G is a divisible abelian sup ¥ complete I-group, and that
U, and U, are both maximal above the convex l-subgroup L. Then there is an
l-automorphism 8 of G such that 8 is the identity on the closure of L and U, = U,.

LEMMA 6.21. Suppose G is an abelian I-group. If G is divisible, then so is G .

PROOF. Given X a type & subset of G and positive integer n let Y = {z € G|nz
€ X}. Then Y must be type &, for if x;, x, € X and if ny, = x;, then

((xy = x5) v O)l= ((ny, = nyy) v 0) " =(n(y -y v0O) =((n-»V 0)",

meaning (X — x,) V0)*= ((Y — ;) V0)*. To prove the lemma form G4 induc-
tively as follows. Let G, = G, and if G, = Gy let G,,, = G,. If G, # Gy choose
0 < x € Gy\ G, and let G, be the l-subgroup of G, generated by G, U {gx: ¢
rational}. Let Gy = U, 4G, for limit ordinals B. A simple induction shows G,
divisible for all a, hence Gg, which is G, for sufficiently large ordinals a, is also
divisible. O

In the next proposition G? designates the /-group divisible hull of G.

PROPOSITION 6.22. Any abelian l-group G is a large l-subgroup of some abelian
I-group H which splits off from below in every abelian I-group in which it (H) is a
convex Il-subgroup. H may be taken to be (G%)4.

We close this section by giving an example of an /-group G which is sup #~
complete but lacks the SSP. Though G is simple in structure in the sense that
r® \Z,< G <TII¥., Z,, the construction itself uses the Continuum Hypothesis: let
{fs a <N} be an enumeration of all functions from N into N, where N =
{1,2,3....}. Define G, = X%¥.,Z,. Given countable G, define G,,, as follows.
Let {w(x): k€ N} be an enumeration of all /-group terms of the form

i-1 AJ_1(8i; + n;;x), where g;; € G,, n;; €Z, and x is an indeterminate. Itera-
tively define a function f: N — N such that (n)f > (n)f, for all n € N, and such
that (n)(w,(f))# 1foralll < k <n € N. Let G, be the I-subgroup of [17.,Z,,
generated by G, U { f}. Define G, = U{G,: @ < v} for limit ordinals y < &,. Let
G be the projectable hull of Gy . That is, G consists of those elements g € I1Z,, for
which there exist disjoint sets X;, X,,..., X, C N such that U’_, X, = N, and such
that for each X; there is some g; € Gy with (n)g = (n)g; for all n € X;. Observe
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that for any g € G {n € N: (n)g = 1} is finite since this condition holds for all
g € Gy,. Since LZ, < G < I1Z, and since every polar of G is a cardinal summand,
G cannot possess the SSP.

To demonstrate that G is sup#” complete we need only show that every polar is
supZ complete. Consider a type & subset X of polar P. Because X is type %,
{(n)p: p € X} is a bounded set for each index n € N. Let a < R, be such that
(n)f, = V{(n)p: p € X} for each n € N. There is by construction some element
g € G with g > f,, and by projecting it on P we may assume g € P. By definition
of type &, VX = V(X A g) exists in P. We have shown P to be sup £ complete,
and hence G to be sup #” complete.
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